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Abstract

RS

The occurrences of singularities where spacetime curvature becomes infinite and geodesic evolution
breaks down are inevitable events in classical general relativity (GR) unless one chooses an exotic matter
violating weak energy condition. These singularities show up in various physical processes, such as the grav-
itational collapse, the birth of the universe in the standard cosmology as well as the classical solutions of the
black hole spacetimes. In the last two decades, a rigorous understanding of the dynamics of quantum space-
time and the way it resolves singularities has been achieved in loop quantum cosmology (LQC) which applies

the concepts and techniques of loop quantum gravity to the symmetry reduced cosmological spacetimes. Due



to the fundamental discreteness of quantum geometry derived from the quantum theory, the big-bang sin-
gularity has been robustly shown to be replaced by a big bounce. Strong curvature singularities intrinsic in
the classical cosmology are generically resolved for a variety of cosmological spacetimes including anisotropic
models and polarized Gowdy models. Using effective spacetime description, the LQC universe also provides
an ultra-violet complete description of the classical inflationary scenario as well as its alternatives such as the
ekpyrotic and matter-bounce scenarios. In this chapter, we provide a summary of singularity resolution and
its physical implications for various isotropic and anisotropic cosmological spacetimes in LQC and analyze

robustness of results through variant models originating from different quantization prescriptions.
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Introduction
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Theorems of Penrose, Hawking and Geroch show that singularities, such as the big bang, are the generic
features of spacetimes in general relativity (GR) [1-3]. These are the boundaries of spacetime at which the
classical evolution stops and the known laws of physics reach the limit of their validity. A new theory is
needed to go beyond these final boundaries of classical spacetime to make definitive predictions about the
initial state of our universe, to understand the emergence of the classical space and time, and to explore the
new physics of the very early universe, and deep inside the black hole interiors. It has been long believed
that an understanding of quantum gravitational effects would provide important insights on the resolution



of singularities. One such avenue, where quantum gravity effects have been used to understand the problem
of singularities, is loop quantum cosmology (LQC) [4]. It is a non-perturbative canonical quantization of
homogeneous spacetimes using the techniques of loop quantum gravity (LQG) [5-7], a candidate theory of
quantum gravity based on Ashtekar-Barbero variables. Though LQG is not yet a complete theory, in the
last three decades sufficient mathematical control has been achieved to use it to quantize spacetimes with
reduced degrees of freedom, such as cosmological and black hole spacetimes. A key prediction of LQG is
that geometrical operators have discrete eigenvalues, at least at the kinematical level. However, due to its
complexity, it becomes much easier and more straightforward to test the technical and conceptual issues of
LQG in the context of symmetry reduced spacetimes where great simplifications resulting from symmetry
reduction lead to a manageable quantum theory. Taking into account the influx of the observational data of
the early universe with increasing precision in the recent years, cosmology provides an ideal platform where
predictions from the quantum theory are expected to be tested by direct observational signals. In this setting,

LQC provides a novel for quantizing cosmological spacetimes using the infrastructure of LQG.

LOM, BERSRTWEHEEN, 5 ML (GR) 1, RIBIEHXIEAT KU 23 18 WAFE [1-3]
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LQC inherits discrete quantum geometry from LQG. This results in significant qualitative differences be-
tween LQC and earlier attempts to quantum cosmology, such as the Wheeler-DeWitt theory. These qualitative
differences are most prominent only when spacetime curvature is large and comparable to the Planck scale.
At small spacetime curvatures, classical differential geometry turns out to be an excellent approximation of
the discrete quantum geometry of LQC, and GR is recovered. LQC thus passes an important test required
for any theory of quantum cosmology/gravity-it has the correct low energy limit. Since LQC is a canonical
quantization, dynamics is governed by a Hamiltonian constraint, which due to the underlying quantum ge-
ometry turns out to be quantum difference equation. The structure of the Hamiltonian constraint in LQC
is in a striking contrast to the one in the Wheeler-DeWitt theory where dynamics is governed by a differen-
tial Wheeler-DeWitt equation. Unlike the Wheeler-DeWitt theory where the problem of singularities persists
even after quantization, in LQC discrete quantum geometry results in a quantum bounce when spacetime

curvature reaches Planck scale [8-10].
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The first rigorous model of LQC with a physical Hilbert space was constructed for a spatially flat ho-
mogeneous and isotropic FLRW universe sourced with a massless scalar field [8-10]. Its quantum theory
was formulated on the lines of Dirac quantization approach for the constrained systems. In comparison to
the older quantum cosmology proposed initially by DeWitt [11], LQC has the following two notable proper-
ties. First, it utilizes a quantum representation based on the holonomies of the Ashtekar-Barbero connection
and gauge-fixed triads which is unitarily inequivalent to the Schrodinger representation used in the Wheeler-
DeWitt quantum cosmology. The second main difference arises from the underlying quantum geometry. In
the geometric representation, the differential Wheeler-DeWitt equation is replaced by a quantum difference
equation where the difference in geometric sector is determined by the quantum geometry. The Hamilto-
nian constraint yields a Schrédinger-like equation, providing a dynamical evolution of physical states, with
temporal role played by the massless scalar field. While the latter is not discretized, the evolution generator
captures the underlying quantum geometry and is a discrete operator. In particular, the minimal nonzero
eigenvalue of the area operator in LQG is incorporated in defining a nonlocal curvature operator [12], leading
to the well-known i scheme in LQC [10]. Using sophisticated numerical simulations of the quantum differ-
ence equation [10,13,14], it has been rigorously shown that irrespective of the initial conditions, the big-bang
singularity is resolved and replaced by a quantum bounce. The bounce takes place at a fixed maximum energy
density in the Planck regime as is predicted by an exactly solvable model in LQC [15]. If one starts evolution
of the universe when it is macroscopic and peaked on a classical GR trajectory at late times, it turns out that
states remain sharply peaked across the bounce [16,17] . On the other side of the bounce, there exists a con-
tracting branch asymptoting to the same classical universe as in the expanding branch. The occurrence of the
quantum bounce is a direct result of the minimal area gap of the loop over which holonomies are constructed.
Using consistent histories formalism, one can show that the probability of bounce turns out to be unity [18].
In contrast, in the Wheeler-DeWitt theory, the expectation value of the volume operator follows the classi-
cal trajectories which inevitably end up with a vanishing volume signifying the encounter with the big-bang
singularity [10]. Even if one considers an arbitrary superposition of expanding and contracting branches in
the Wheeler-DeWitt theory, the consistent quantum probability for bounce is zero and for big bang is unity
[19,20]. Therefore, two quantum theories, namely LQC and Wheeler-DeWitt theory, only converge in the

classical limit. In the Planck regime, they lead to distinct physical predictions.
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Interestingly, with the help of a complete set of the Dirac observables and the well-defined semiclassi-
cal physical states, the quantum evolution of the universe in LQC is shown to be endowed with a continuum
spacetime description which is governed by an effective Hamiltonian constraint. This effective dynamics cap-
tures the leading-order corrections of the quantum theory and yields modified Friedmann and Raychaudhuri
equations in LQC [21, 22]. The effective dynamics has been extensively used in the literature, and it plays an
important role in demonstrating the robustness of the singularity resolution [23-28] and understanding the
Planck-scale physics of the LQC universe extended from some well-known scenarios developed in the classi-
cal cosmology, such as the inflationary models [29-47], and ekpyrotic-and matter-bounce scenarios [48-53].
Extensive work has been performed in the last decade to understand quantum geometry effects on cosmologi-
cal perturbations (see [54] for a review, and Chap. 90, ”Loop Quantum Cosmology: Relation Between Theory

and Observations™).

HEBRYZE, fEBTE& DL AT LI B SR E S RAFRY-FE IR, ELUER] LQC iR
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With the success achieved by LQC in yielding a physically viable theory of quantum cosmology in the
simplest settings, the same techniques have been extended to loop quantize other cosmological spacetimes
with more complicated structures, such as FLRW universe with spatial curvature [55-57], Bianchi universe
with anisotropies and spatial curvature [58-61], and Gowdy models with continuous degrees of freedom [62-
67]. The rigorous construction of the mathematical structure of the loop quantized cosmological spacetimes,
including the kinematical Hilbert space, the Hamiltonian constraint operator, the Dirac observables as well as



the physical inner product, leads to a consistent picture of singularity resolution and the Planck-scale physics
in each model. Various unique properties of the particular quantum spacetimes have been studied in detail by
using the effective dynamics, resulting in a deeper understanding of how the quantum geometry effects can
change the classical description of the cosmological spacetimes. For example, from the modified Friedmann
and Raychaudhuri equations, quantum geometry effects can be interpreted as making gravity repulsive in the

Planck regime and resulting in a singularity resolution without any violation of any energy conditions.

BE%E LQC fEmRMAESR NS 7B L e TR R 8 2 BIE, MFSREHEE I
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PEANZE AR R 9 Bianchi T8 [58-61], PANEAELEH HER Gowdy B [62-67], X8 & FLTF
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AN RN T R B 1 IS A2 2R PR BT, AT B R A LB A B ) LA 35 A 24 2 37
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Furthermore, attempts have been made in the direction of incorporating more features from LQG into the
LQC universe. Since the loop quantization in LQC is implemented in the symmetry reduced mini-superspace,
its relationship with the cosmological sector of the full theory is not yet established [68, 69], and ongoing
research is being conducted in order to reach a better understanding of the essential features of the LQG
cosmology. Recent progresses have been reported in the quantum-reduced loop quantum gravity [70], the
group theory cosmology [71, 72], the path integral approach [73], and modified LQC models using the co-
herent states [74,75]. In particular, strong singularities are proved to be resolved and replaced by a quantum
bounce as well in the modified LQC models [76], and moreover, richer structures beyond standard LQC, such
as an asymmetric bounce and a pure quantum state in the contracting phase, etc. [77], have been observed,
which imply that the cosmological sector from LQG can be much more complicated than expected. These
new features of the modified LQC models have so far been studied only in the simplest spatially flat FLRW
universe, and their impacts on other cosmological spacetimes with spatial curvature and anisotropies are still

to be investigated.

IHAh, HETE AR 20K 728 LQG RUE 2 HRFES |\ LQC T8, T LQC R & T2 fEX R
AR EZE LB, S5 EEIL T % sector KRR MR [68, 69], HHAEMITEIT /R
WF5E AR AP B AR LQG T EHIRORHME, CHRUER St RUE B FALE R 57 [70]. #F
WTFHF (71, 72]. BEARDTIIE (73], DANAIRMETSHIERIELE LQC # [74,75), Falih, £
fE1E LQC BRI Hh th EIERASH AT S BH A O B 7 55 [76], IHLANENIME] T ik LQC Z5h
BEEERIEN, FINIENFR R, Wty al s 785 [77], IXEEE5RERIA LQG T H - sector
AIRELETIIE %152, FIHRTNIE, BIE LQC BAIRIX g RFIE (A i fal B HY 22 [F] P35 FLRW F
HAHAREINIGE, EAT A 7S R A5 1 S A H At 52 8 2 s FR R I A R R

In this chapter, we summarize some of the main results of LQC on the singularity resolution for various
types of cosmological spacetimes and discuss resulting physical implications of quantum gravitational effects
on the non-singular evolution of the LQC universe. The goal of this chapter is to not provide an exhaustive
review of various techniques one may use and various questions one may pose to understand the nature of
singularity resolution (One example is to pose the question with respect to unitary evolution and loss of de-

terminism. See, e.g., [78].), but only to give a flavor of the physical implications resulting from underlying



quantum geometry assuming the validity of effective spacetime description in LQC. For completeness and to
make the material accessible to a broader audience, we also discuss some aspects of classical Hamiltonian cos-
mology in metric variables and the nature of singularities. The topics in each section are organized as follows.
In section "Hamiltonian Cosmology”, the Hamiltonian formulation of GR is reviewed in the metric as well
as the Ashtekar-Barbero variables. The classical Hamiltonian constraints and the corresponding dynamical
equations for the spatially flat FLRW universe and the Bianchi-I universe are also discussed briefly. In sec-
tion ”Nature of Classical Singularities: Types, Strength, and Shapes”, the types and the strength of the classical
singularities that can be encountered in the cosmological spacetimes are addressed. For the spacetimes with
anisotropies, we also review different shapes of singularities that arise from the anisotropic behavior of the
directional scale factors when a singularity is approached. In section "Loop Quantum Cosmology: Spatially
Flat Isotropic Model”, we go through in some detail the construction of the kinematic Hilbert space and the
quantum Hamiltonian constraint operator in the spatially flat, homogeneous, and isotropic LQC universe.
The properties of the resulting quantum difference equation are discussed along with the viability and the
uniqueness of the improved dynamics (the i scheme). Section "The Effective Dynamics of Isotropic Model”
is devoted to a summary of the effective dynamics for the k = 0 homogeneous and isotropic LQC universe and
its phenomenological applications. The effective dynamics, whose validity is assumed in all regimes, is exten-
sively used in showing the generic resolution of the strong singularities and investigating the extensions of the
inflationary, and ekpyrotic- and matter-bounce scenarios in the LQC universe. In section “Loop Quantization
in the Presence of Anisotropies and Inhomogeneities”, we move onto the loop quantization of spacetimes with
anisotropies and inhomogeneities. In particular, we summarize the novel features of the loop quantization of
Bianchi-I and Gowdy models and some of their physical implications on the inflationary paradigm. In section
”Beyond Standard LQC: Incorporating Additional Elements from LQG”, we discuss different variants of LQC,
such as the modified LQC models. Here emphasis is on their distinct physical predictions as compared with
those from standard LQC. Finally, section ”Summary and Outlook” is attributed to a summary of the chapter.
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HEA TR, JFH5E LQC FHP &K . BRIk = 5V R ER, 7 T&hRtES
eSS RER I E & ) — 0, BATEMIVISE SRRt S IS N = EE L, Kl
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Hamiltonian Cosmology

M I i

In this section we provide an overview of the Hamiltonian formulation of general relativity (GR) which
serves as the first step to understand the main procedures of loop quantization of cosmological spacetimes
in loop quantum cosmology. We start with the Arnowitt-Deser-Misner (ADM) decomposition of the classi-
cal spacetime and present the Hamiltonian and the spatial and temporal diffeomorphism constraints first in
terms of metric variables and then the Ashtekar-Barbero variables. We then specialize to the spatially flat,
homogeneous, and isotropic spacetime to obtain the relevant Hamiltonian constraint which leads to the clas-
sical Friedmann and Raychaudhuri equations. Finally, we summarize the main results of the Hamiltonian

formulation of anisotropic Bianchi-I spacetime and obtain the classical dynamical equations.

ARFTBATEER) A 1€ (GR) (IS E IR, ©/2 B R &7l il N =B & T 0P
PRAGELN . FRATT AN ML 2 (Y Bl T A A -SRI (ADM) iRt &, e DARE AR B0 Bl P f
F-ENPEZRGHRETE, PR FRLT RS N FRLHR, BEEIRIRHIE=
A PEAES S5 R RN 23, S O MRS EZT R, IS S0 B S 7 &S 1T E
Titde B, BABGESAFIE2E TN SR ETERRAR DR, S HAE M ¥,
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The Hamiltonian Formulation of General Relativity in ADM Decompo-

sition and Ashtekar-Barbero Variables

ADM 73 B SUHHE R %A 5 Ashtekar-Barbero 28 &

The 3+1 foliation of globally hyperbolic spacetime was first applied to GR by Arnowitt, Deser and Misner
in their seminal work [79]. In this formalism, a 4-dimensional manifold M with a Lorentzian metric g can
be decomposed into M := ) XR , where )] is the space-like hypersurface and R denotes the real line.
Correspondingly, the 4-metric of the manifold g,,,, with g, v running from 0 to 4 can be expressed in terms of
the lapse function N , the shift vector N , and the spatial metric q,} , where a,b = 1,2,3 . To be specific,

different components of the metric can be expressed as

Arnowitt, Deser I Misner 1EE TG4 TAE [79] H & RN IS 221 341 M @M T X
XS, EZERERRF, HEIBCLEM g 19 4 TP M AR M = > xR, HHp Y 2k
AN, ROV, MMM, FEAR u, v BUEM 0 2 3 BIIRTE g, BY 4 4EERLPT S HIREL N | 2
BRE N IS EIE qp 2R, HHF a,b=1,2,3, BRI, ERNSSTEEH

800 = —-N? +NaNa’ 8oa = Ny 8ab = qab- (@)

Using the above decomposition of the 4-metric in the Einstein-Hilbert action of GR, one can obtain the
canonical form of the action in the phase space spanned by the spatial metric and its conjugate momentum
7P _ This turns out to be [79]

R B3R 4 G M RN SUEXIE R Z RITE-F /R B R T &, BIVA] 45 380 e 2 TR A AR
i 7 SRR AP R R IIENTE K, 455808 [79]

S = f d*x (7% q,p — NI — NOI(,). )

ab

Here the conjugate momentum 7%° carries the information of the rate of change of the spatial metric and

is given by

At R 20 BE T REREARNER, HREX

n.ab — \/E(Kab _ anb) . (3)

Here K stands for the extrinsic curvature of the hypersurface defined by K, = (=g + DoNp + DpN,) /2N

and q denotes the determinant of the spatial metric. D, is the covariant derivative with respect to the spatial
metric. The Hamiltonian constraint (or the scalar or the energy constraint) and the spatial diffeomorphism

(or the momentum constraint) turn out to be, respectively, as [79]

HA K Bl Ky = (—Gap + DoNp + DpN,) /2N E XK AMER, g A2 RIEMAITYIR, D,
T N A R IR AT A S8, MRBIMZ) R (XHRPR B 2R ERAE B2 R) 52 R AL R (XFRE)
B 7518 [79]
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2 2
g=X <7Tab7rab - %) - g(”R ~ 0, (4)

Hq = =20, (Vabﬂbc) + ”bcaaybc ~ 0, (5)

where x = 877G and ®)R denotes the intrinsic curvature of the 3-dimensional spatial hypersurface. Since
the lapse function and the shift vector in the action (2) act as the Lagrange multipliers, the Hamiltonian and
the diffeomorphism constraints weakly vanish on the trajectories of the physical solutions as indicated by "[2]
0” in Egs. (4)-(5). These constraints are the first class constraints of the system, and their Poisson brackets
constitute the fundamental constraint algebra in GR. Recall that GR is a fully constrained system since the
total Hamiltonian H = f d3x (NJ + N9%,) weakly vanishes on the dynamical trajectories of the physical
solutions. As a result, the evolution of all the physical observables which are supposed to commute with
all the first class constraints is frozen, leading to the problem of time. To extract physics from this frozen
formalism, we note that only those quantities are physically observable which are invariant under spacetime
diffeomorphisms, such as Dirac observables which commute with the Hamiltonian. To construct relevant
Dirac observables which help extract dynamics, we introduce appropriate reference fields or clock degrees
of freedom in the relational formalism [80-86]. In the canonical formalism these reference fields have been
studied in various contexts. In applications using framework of LQG, examples include the reduced phase
quantization which is based on quantizing phase space of gauge-invariant quantities [87-90], cosmological
perturbations in the presence of reference fields [91-95], and singularity resolution in LQC [9,96].

Hrrx = 872G 1 ®OR R 3 e [A@EIA RN NS IEER, HTEHE 2) PRBHE BRI AR R R
Mhikg B H T, WREL R 5 M R SRAE Y B AR S 855 03, RIS (4)-(5) IR 07, X
AR B RGN E — R, CATREARTE SR T AR ISR EEAR L SRR, FRATTAIE A
ISR EARARG, NANEEETE H = £ d3x (NH + NOI(,) VRIS 1 22908 E5ghE,
Klitk, B 5 ATA 58— R0 2 B B AT U0 & R A AR R 1Y, X~ A8 T I | im)&, i T
MIXFPAREE AR B3, BANER B R A ER M R R AR EA 2B e Wi &, Fian
5 ISR A 2 WAk e mT &, R T IS RS R BN ) S AR Sk hr v AT &, BRATTHER R
Bt [80-86] H15I AGEHIZH BN B HE, fEENFRith, XESECAELMHERT
1325, 7 loop & F5171 (LQG) HEZRMIM FH, HHCHIF GAEE T AVEA L B A& TLHy
LA AL [87-90]. FAAES BN T H FH5h [91-95], DAKIE R FFH ¥ (LQC) HHYF A
R [9,96],

Following Dirac’s approach for quantization of constrained systems [97], and using the ADM formulation
[98], DeWitt obtained ”Einstein-Schrodinger equation” [11] which was later known as the Wheeler-DeWitt
equation. In the case of finite degrees of freedom, its implications were first studied in the mini-superspace
setting by Misner [99]. However, the convoluted form of the Hamiltonian which is non-polynomial in the
metric variables makes it very difficult to obtain the physical solutions from the Wheeler-Dewitt equation in a
general setting. Even in the mini-superspace setting of symmetry reduced models, such as a homogeneous and
isotropic cosmological spacetime, where the relevant Wheeler-Dewitt equation can be exactly solved, physical
solutions encounter singularities. An example is the case of the spatially flat homogeneous and isotropic
Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime filled with a massless scalar field [9]. In fact, the
consistent quantum probability of singularity to occur in this model is unity including for wavefunctions
which consist of arbitrary superpositions of expanding and contracting branches [19,20]. While it is possible
to fine-tune the avoidance of singularity in the WDW theory in some cases, such as in the presence of suitable
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potentials or exotic matter, such a resolution is often problematic and non-generic. This reveals one of the
fundamental limitations of the WDW theory which not being based on a quantum theory of geometry fails

to generically resolve the singularity. As we discuss later, this situation changes dramatically when using
Ashtekar-Barbero variables in LQC.

BRI P AR ARG R T 575 [97], FERIFH ADM A [98], FEERHS 2 T J5 R FRh B - fl
KRR “ZRSE-E R R [11]. X TARE BERE, KN E e s RIS T
HERE X [99], A, BEEPAESR, HERMEZRFNEZIG, #EE-BKER TN
BT RS R R R N, BUEEEX AR 2 RAEZE TS, BIAnE 525 1 [H]
YT AN S, MCHER- R TR AT DU IR i, PIBEMLARAZBR A R, HATRERE
L3 ) P 3E £ 57 25 1 [ 4 o B & - M s -0 (B8 TR/ 52 (FLRW) I 225l — MBI [9], 555K
E, XA, TR R ECR K 0 SRR 7 ST REREN, & R AR —BOR THER AR 2
1[19,20], FEIALE WDW HIE i R] DOBEIEAS IR SRR LS 00 N (BN AE S IE B eiar w i)
AT R, (EIXARORTT OB H AR, FRA RN, X258 T WDW HHSH) — MRA R IR
EAETET/LAEIE, RTCkEiEARa S, ENBAIVESCRZEITIER, EEE 7Y
PR PR R-E SRR, XMERS BN,

In terms of the Ashtekar-Barbero variables-the connection A}, and the densi-tized triad E{ [100], GR can

be reformulated as a gauge field theory at least at a kinematical level using the internal SU(2) symmetry of
variables. They are defined explicitly by

IR PaRs - D B B —IkE% AL FEEARZE EP [100], ZE/MEIZSNYZMH, 7R AZER
PIER SUR) MFRIERE T S IR BT FR e 718, R RAY R T R

E® = /|qled, AL =T +yKi, (6)

where i, j are the internal SU(2) indices running from 1 to 3 and y is the Barbero-Immirzi parameter, ef
is the triad, K (= Kpe? ) is the extrinsic curvature with one of its indices projected onto the internal frame,
and I} is the spin connection satisfying the condition that it be compatible with the triad, namely Dae‘i, =0,
. . i 1 ik b k 1 . ii . .
resulting in T} = —Es”kej (045 — Opek + S,ppnelema,elt) with e/ being the Levi-

i, j RV 1 5] 3 9P SUQR) 1647, 7 REIB-PRR/ARFSE, of BHE, Ki(= Ko ) 2
ShifR, H— NSRBI, T RE SR AR B Ve, B DLl =0, Mtk

B3 = —%sif"ej? (04K — dpek + Opnelemoer), Hr ik 254k

Civita symbol. In terms of the new variables, the constraints of GR can be rewritten as [6,101]

AYEERT S, RV, | SR RILRAT DAE 2 [6,101]

1+7y?

. 1. .
Gi = 0,E% + &) ALE ~ 0, I, = 7—/Faleib - KiG; ~ 0, (7

and
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1

Vlal

# = —ESER (“El, - (1+ %) (K4KE - KIKE))

1+y% .. E?
2TV Gig,—L ~o, (8)

4 Vil

where the field strength of connection A} is given by F;b = 6aA§) —0pAL + Ej- kAéA’g . The first constraint

+

in Eq. (7) is the Gauss constraint which generates the internal SU(2) symmetry. The Hamiltonian constraint
given in Eq. (8) is a linear combination of a Euclidean term which is proportional to the field strength and
a Lorentzian term proportional to the extrinsic curvature and the Gauss constraint. In the quantum theory,
the resulting form of the Hamiltonian constraint depends on the associated quantization ambiguities in loop
quantizing these terms. In the case of the homogeneous models, due to the underlying symmetry reduction,
it is possible to combine the Euclidean and Lorentzian terms (From a general perspective, in full LQG, it is
possible to decompose the Lorentzian part of the Hamiltonian constraint into the one proportional to the Eu-
clidean term and the spatial Ricci scalar. In a spatially flat FLRW universe, with a vanishing spatial curvature,
the Lorentzian part becomes a multiple of the Euclidean term.). Thus, a loop quantization based on utiliz-
ing this symmetry reduction is expected to be different from the one where quantization treats Euclidean
and Lorentzian terms independently. The standard LQC is based on the former strategy, while the latter
method results in modified versions of LQC. We would later see that different treatments of the Euclidean

and Lorentzian parts result in different physical predictions than from the standard LQC.

HARAEHI79 AL B FL, = 0,4, — 0pAL + b ALAL %, 3K (7) RIS — 21U A BN SU() *
PREER S HTZTER, 3 (8) S YIS B 2 WU LS U S B IC IRt &, A IEHLT 3758,
JEEIELET MR G SR, £ FHICH, IBEIL RGP RBR T X LT T & 1
LSRR I ARE N, FEFTRBERIRIIEOLT, BT RS AR, BATTa] DORF U LRI
ST SR N—BAEKE, E2BER TS50 (1LQG) H, A LUKIGE LT RIS LL
HR 7 o3 AEON IE EE T L AR AT R 0 F0 2 TR B e bR i o0 AEZ2 A3, 22 AR ON 2 ) FLRW 2
WA, IBCEEE D SOV LS TSR0, Fit, AHRZAOSRAELS 2R E R e 21
(Al T LRSI S 184G 2L U0 T 8 L IZE R PRl & 138 (LQC) R AT — Mk, J5—
TR EIEIERA R LQC, BAERXRER, N LRSS LEHR T FLHE, =
F2 5hRE LQC NEMPHEHE

Spatially Flat, Homogeneous, and Isotropic Spacetime: Classical As-

pects

M, 135 B R TR 2285

Given that most of the analysis in LQC so far has focused on understanding implications for the spatially
flat, homogeneous, isotropic model, in the following we provide a brief overview of the Hamiltonian aspects
in the classical theory for this model. The spacetime metric in the spatially flat FLRW universe is given by

ET HAlE R 8% (LQC) MR TR B THRFT S RIFH, 95 2% AR AR AL A A S 4
18, XA A AR AR 2 S R RIS BT AN A, 28 [AF-H FLRW 528 AR 28 AL
e
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ds? = —N2 df2 + a2 (t) 8, dx® dx?, O]

where a (f) denotes the scale factor of the universe. Its spatial topology can be either a 3-torus T2 or non-
compact R3 . For the torus T3 , the co-moving length of each spatial direction is naturally confined within
the range x, € (0,1,) which makes the spatial integrals in the Hamiltonian finite. For the R3 topology, a
fiducial cell V with co-moving volume V] is required. All the spatial integrals are restricted to the fiducial cell
so that no divergences would be encountered. In this way, there is also a well-defined symplectic structure
even with R3 spatial topology. In the following analysis, we take the R? spatial topology. In addition to the
gravitational degrees of freedom, for the matter content, we consider the simplest case of a massless scalar
field ¢ which serves as a reference field for relational dynamics. Thus, the mini-superspace of the spatially
flat FLRW universe consists of the scale factor a and its conjugate momentum 7, as well as the canonical
pair ¢ and 7y . In terms of these two canonical pairs, the action in (2) with additional contributions from the

matter sector reduces to

H a () FRFHIRER ¥, HSEIRFMERT DUR =465 73, MAalBURIERBHI R . AT
W T, BN RTTAE S B RERHIETEE xq € (0,1,) P, XESRE TS R
AR, MT R® ihit, WFHFESIA—DERUERIE v, HESAREON v, o BTE 22 R AR Rl AE
FLUERSAEN, RIS HIUZ AL, @I, BIfER R SRR MERES R E L R AP 451,
FE TSI, FATTERA RS EHERiN, BRI HBES, NTRAD, BB ELAERE
Y ¢ BB fE IR0, B AIEN KRNI ERNSE G, I, ZEFFH FLRW 5 FE R
A AR Rl 7 o M HHSESN & 7, , FAN_EIENIX ¢ Ml 7, R, AIXMAHENXN TR, 2) XhE
Exb T N (R = CIES )

= fdt{%(ﬂ¢45 + mya) — NH}, (10)

which implies the standard Poisson brackets {a,7,} = {¢, 7r¢} = 1/V, . Note that due to the homo-
geneity of the background spacetime, the spatial diffeomorphism constraint identically vanishes, while the

background Hamiltonian constraint reduces to

ERERERIRES {0, 7.} = {¢. 75} = 1/, o TR, HTHERNZEAISMNE, 2R FREL
RIENF, THRIGEZHR AL N

2 71'2
_ KT, )
%—%(—12a+2—a3). (11)

The corresponding Hamilton’s equations can be obtained by evaluating the Poisson bracket between the
canonical variables and the background Hamiltonian constraint. To be specific, one finds

FATAT DO TR IE N 8 5 1 RIS B L A TEAN S S5 2 M IR Wi 2, BARGERWT:

2
kT, . STy xmg

b Ta= 20 T Tar (12)

It is straightforward to obtain the Friedmann and Raychaudhuri equations from above equations. The

a={a,H}=—

classical Friedmann equation can be obtained by squaring the Hamilton’ s equation of the scale factor and
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then expressing 772 in terms of the energy density of the scalar field resulting from the vanishing of the back-
ground Hamiltonian constraint. On the other hand, the Raychaudhuri equation can be derived from the
Hamilton’s equations of the scale factor and its conjugate momentum. Collectively, the classical Friedmann
and Raychaudhuri equations take the form

M ERTTRARA 7 e T 96 A 2 T A E ST 2 1, FhRER RS 2755, FIH
HREEMLAHONFNEM, €2 AfREZNEREREIOR, S22 B8R, min
AT TR A AR R HIGE ) B AR U R S5 E. S BE S T ENm AR
HAEAE NI

H? = %p, g = —47G (p + 3P), (13)

where the Hubble rate is defined via H = d/a and for a massless scalar field P = p = $2/2. Although
both of the action and the background Hamiltonian contain the fiducial volume V] , the resulting equations of
motion are independent of V} , implying that the classical dynamics remains unaffected by any other choice
of the fiducial cell. Using the Hamilton’s equations for the matter sector, it is also easy to check that the scalar

field satisfies the Klein-Gordon equation or equivalently the matter-energy conservation law:

HAIAZHRE H = a/a € X, BXNTERERESHE P = p = $2/2 . REFEHEMYE RIGET
A SEBEARR Y, , (BERZENEHHES Vv, TR, XHHEREMEER S U & i)
717, FIAYIIR nB%H’\JﬂéﬁJfﬁﬁﬁ&, WARA Z W ikbs &1 2 wSE - & 518, SN TYRER
SFIEEAE:

6+3H(p+P)=0. (14)

We can easily see these dynamical equations result in a singularity for a given choice of matter. For
matter which has a fixed equation of state w = P/p , the conservation law results in p & a=31+%) | For matter
satisfying weak energy condition, p > 0 and p + P > 0, as the scale factor approaches zero, the energy
density and pressure diverge. This corresponds to the big-bang singularity in the backward evolution (or the
big crunch singularity in the forward evolution) where the Friedmann and Raychaudhuri equations break
down.

B DMRAEZEH, NTHREMNMBUERE, XEMNETRERSEE RNFEE. ¥ TYETTE
EEN w = Plp KPR, SFHEHERAH p « o300, W TR ITRERSFITHIMIB, Hp > 0
p+P >0, HERFEETEN, REEREMEREZE NN T RIAEK RSB
(jilEﬁ{Ei{tEF'El’Jk%*ﬂ— AR, I 9k B & 7 AR A ST T R A ARG L,

Let us now discuss how to obtain these equations using the Ashtekar-Barbero variables. Owing to the
homogeneity of the spacetime, the connection A}, and the triad E{ can be expressed in terms of their isotropic
counterparts ¢ and p as [12]

NEEA TN ISR R PR R P R R ARIRXETTE, BTN EEASSM, B AL 1=t
H EP A] DOEIEA B A FEMTER ¢ f1 p Fom08 [12]

Ay = oV ok, B = plpi e (15)
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Here 2? and cZ); are the fiducial triads and co-triads compatible with the fiducial metric which is simply
cog ap = Oap in the spatially flat FLRW spacetime. The symmetry reduced isotropic connection and triad satisfy
the Poisson bracket {c, p} = 87Gy/3 . The triad is kinematically related to the metric variables as | p| = V232
where the modulus sign over the triad arises to account two possible orientations. The relationship between
the connection and the scale factor is a dynamical one to be obtained from the Hamilton’s equation for the
triad. In the classical theory it is given by ¢ = yV;Y3a . 1t is important to note that the latter relation changes

in LQC.

1AL el il coa e SRR AR =T B R =Jd, E%HFHEAY FLRW 22 H,
WEEEHIRE R q,, = Sqp o ZEXTHR Iéf’ﬂkﬁﬁﬂﬁ’]%ﬁﬂIiﬁaéfﬁﬂ—fnfﬁfrﬁﬂ(ﬂ&%v {e.p} = 87rGy/3
o IS EMARIZHIERRNA |p| = V¥3a?, N ZJTHEAHER S T 3R] RE R EA,
BREFRER F Z AR RREN LR R, FENZTTHNRETTRGE], MMz RN
c=yV\Ra., WEEBNE, EEEFTHATRX - KRIRELE

As discussed later, in improved dynamics of LQC [10], it is more convenient to work with another set of

phase space variables related to (c, p) variables as [15]

RIERATZMIE, (ERETFHENBIEN N [10], (545 (o, p) BRIEXIMZAE
S i NES ST

1/2 3
b := ¢/lp|"", v = sgn(p)|pl2, (16)

where sgn (p) = =1 for the same/opposite orientation of the physical and fiducial triads. These variables
satisfy the Poisson bracket {b, v} = 471Gy . In terms of the new variables b and v, the background Hamiltonian

for the spatially flat FLRW universe can be written in the form

Hrb sgn(p) = £1 MM = o 55l = e F A/ R A EE, IXLE2 & IHATES (b, v} =
AnGy ., FHZEE b Mo, ZAPEHE FLRW FHI Y RBEE ] L5 i N

_3b? | | P
8xGy2  2|v|’

17

with py = ;74 . It is straightforward to derive the Hamilton’ s equations for v and b which result in
the Friedmann and Raychaudhuri equations using the vanishing of the background Hamiltonian constraint.

From the Hamilton’ s equations of v and ¢, it is straightforward to obtain the relation

H py = g o FIATERGEMLARETE, REZDMESH o M b FWIRETE, REGIHE
EEEMMERTETE, @ o M ¢ NIREFTHE, AIDUREZFEIRR

dv  3bf
— = (18)
d¢ 2y 4
Let us note that in the classical theory b is related with the Hubble rate via b = yH , and then using the

classical Friedmann equation, the above differential equation turns out to be equivalent to d¢ = %dv ,

leading to the generic solution
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BATERD, LG b SIGERIED b = yH XBK, BAIALIGEEES 2, A RUESH

R TTEF T dg = \/sgz“_‘gl FH A 2 AR

1

V127G

where vy and ¢, are integration constants and + sign is determined by the sign of the constant momen-

In|{—

¢=+

+ ¢, (19)

Vo

tum. The above solutions represent two disjoint trajectories which describe an expanding and a contracting
universe, respectively. The singularity is inevitable when the volume reaches zero in the past of an expanding
universe which thus emerges from a big-bang singularity or in the future of a contracting universe that ends

up with a big crunch singularity. A plot of these solutions is shown in Fig. 1 as dashed curves.

Hrb v 1 o BRTHE, + TS HEBEhRBITSOE, BRSNS HZZRIPIE, 75
MRRZ IR BN T N TR TS, ERBEEHRRSEILTE, NTREETE, RKEL
EF'{MDAtiE?% PRI A s AN AT AR AR 5 Eh MR KB BT iU ZE, W B i A A ORI

AR XEARERE 1 PSR,

The Hamiltonian Formulation of Anisotropic Spacetime: Bianchi-I Model

2 ) e PN 2B IS S5 i 268 : Bianchi-T A7

The Bianchi-I spacetime is one of the simplest models in which the effects of anisotropies on the physics
near the classical singularities can be systematically investigated. It has vanishing intrinsic curvature, and
its isotropic limit is the spatially flat FLRW universe. Unlike in the isotropic models where the big-bang
singularity is characterized by a vanishing scale factor of the universe, the structure of the singularities in the
anisotropic spacetimes becomes much richer since the directional scale factors can evolve in different ways
when the singularity is approached. As discussed later in the next section, the shape of the singularity can be
of a cigar, a pancake, a barrel, or a point depending on the way directional scale factors approach zero. As one
of the simplest anisotropic models to study, the dynamics of Bianchi-I spacetime is important to understand
as it plays a vital role in understanding the approach to singularities in the classical Bianchi-IX spacetime and

in particular the Mixmaster dynamics [102].

Bianchi-I N 25 2 A A 2 — R ARG ARSI G MY A& A S R0, B
=R oNE, HEAEMRR R BEEE FLRW 528, KRBTt KEIER R AT H R E
RFitain FENFHE, 52 AH, SRSENSHEREHEESS, RAEBIEA S, REF
A R AT DA 7T s, (EANFRATIE F— R & 1HeR), RIBE7 MR ER 1 Iﬁﬁcg
73K, A RITIRAT AR S, RIOHE. MIPEREAT R MEN R SR B TR 5 A& ) S e AsE A

—, P Bianchi-I NN 0 EZE, EXNERA I Bianchi-IX 238 77 IR, ﬁﬁ
& Mixmaster 3715, &E2|EIER [102],

In the following, we consider the simplest case of a homogeneous Bianchi-I spacetime with a manifold

M = ), xR, where }; is topologically flat, and its metric is given by
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NHEBAIH EFT IR Bianchi-1 N2 RIRBEIRGEN, HREA M = 3 xR, Hif Y RibFHE, Er
JERLE 4 H:

ds? = —N? d? + a? () dx? + a3 (t) dy? + a2 (¢) dz2, (20)
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Ty Ra
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Fig. 1 In this figure, we show the trajectory of the expectation value of the volume operator from the
numerical simulations of the quantum difference operator (42) which illustrates a non-singular evolution of
the universe across a quantum bounce. The trajectories from the effective dynamics of LQC and the classical
GR are depicted as well in order to make a comparison with the quantum evolution

{1 AR T RTESET (42) SOERRIS B BT AT BUE, B T 56 SRR T
AR AL, FIRDY TR T e, i T LQC A RE R STRHE L
i,

where @; with i = 1,2, 3 are the directional scale factors. Similar to the case of the spatially flat FLRW
spacetime, in order to have a well-defined symplectic structure, a fiducial cell with I; denoting its coordinate
length along each side needs to be introduced. Therefore, the fiducial volume equals V] = ;1,15 . Due to the
homogeneity of the spacetime, the Ashtekar-Barbero variables, namely the connection A, and the densitized

triad Ef* , can be expressed in terms of ¢; and p; along each direction as [59]
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Hepii i =1,2,3 1 q; @& MMNRER T, MZSEFHE FLRW B2 IERZ, B THEEIENXR
IR, TESIN—NSEMIT, F | FnEEIAR AR E, ik, SERRET V, = 1Lk,
o HITINZRFFR, FIPR~- BT R E, iRk AL % =70 EF, AIRMZEAT7mA
¢; Ml p; FRA [59]:

Al = l—lcbg, E¢ = piliV; 1/ gés. (21)
1

99293

Note there is no summation over index ”i” in the above definitions. These canonical phase space pairs

satisfy {ci, p j} = 87Gyd;; . Moreover, the triads are related to the metric variables by

TR _BIAE PRI R, XL RN EX R {c;, p;} = 87Gys;; » MAP, =TC5EM
TEPELATRA:

p1 = &1hblzaza3, py = &hlaias, ps = eshhaia,, (22)

with ¢; = 1 determined by the triad orientation. Since we are not considering fermions in the matter
content, without any loss of generality, we choose the plus sign for the triads. The relationship between the
connection and the metric variables is determined from the Hamilton’s equations. Due to the homogene-
ity of the spacetime, the only nonvanishing constraint is the Hamiltonian constraint which in terms of the

connection and triad takes the form [59]

Hrp g = +1 =TT AIVE, HTENAZEDRAS TSR Y, TRk, BITh=T
EEE S, BRI M BRISCR AR E T RIUE, BT N2EFRE, HE—IEFNLARRGE
LI, FBREE I =TCRmBIE RN [59]:

N
H= ~ 827Gy (c1p1e2p2 + €1P1C3P3 + C2P2C3P3) + Nup, (23)

where v = V}a,a,a; denotes the physical volume of the fiducial cell and p is the matter-energy density.

From the Hamilton’s equations of the triads, one finds

Hepv = Va,0,0; RRZSEMTHIAR, o BYIRER TR, M= Tl BT REn] DASE]:

Ci = ylidi’ (24)

where the lapse is already set to unity so that the time derivative is with respect to the cosmic time. Using
the above relation in the Hamiltonian constraint, it is easily seen that the energy density of the matter sector

is related with the directional Hubble rate via
XHEESKNBREE N 1, FIEEESERNFHENER S B LIRRRRANBREIMAH, T
YT 7 B RE B RIS T MM 2D 23R 2 :

Kp = H1H2 + H2H3 + H3H1. (25)
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Now defining the mean Hubble rate H = (H; + H, + H3)/3 , we can obtain a generalized Friedmann
equation in terms of the mean Hubble rate which takes the form

BAEE SCFEIREIR H = (Hy + Hy + H3) /3, BATR] PASEIH IR R FORI) O B 275
B, B

@ x ZZ
H?>=— =-p+ 4, 2
2 =3Pt (26)
where the mean scale factor is defined by a = (a,a, a3)1/3 and 22 is related with the shear scalar o and

directional Hubble rates H; via

HA P RERFH a = (aay05)"° EX, H Y 0 FRGUIRE o2 F77IEIAZIR H; 8

6
ZZ = %Uza(’ = (;—8 ((Hl — H,) + (Hy — H3)* + (H; — Hl)z)‘ @7

Note that the above relation is kinematical and holds as it is in LQC. For the matter content which has
no anisotropic stress, such as a massless/massive scalar field which is minimally coupled to gravity, ZZ isa
constant of motion [58]. As a result, the anisotropies behave like a perfect fluid with an effective equation

of state w = 1, and the shear scalar diverges as 0? « a=®

, which is faster than any perfect fluid with an
equation of state w < 1 when the singularity at vanishing mean scale factor is approached. In those cases,
the anisotropies dominate near the classical singularities. Finally, for the matter content which is composed
of a massive scalar field, with its matter Hamiltonian given by the familiar form J(,, = pé [2v+vU (¢) , from
the Hamilton’s equations of the scalar field and its momentum, one can obtain the standard Klein-Gordon

equation

HER, ERXRBIEBINERR, EERTFHY LQC) FHAMRRAE, X TIAmAIEN T
RIVIIREESY, BIAE/ B AT TR R/ A R R, 37 R NEShHE (58], KA
PERRBLSE T AT w = 1 (EARA, ST RERTAENE R, R
0? & a7® RE, HWERTEMYESHEN w < 1 FEARK, EXEENT, &mREEgm
A RINE S ESHAL, &5, X THARERESERIYRA Y, HYRGEE 5 P
Hpm = D320+ 0U (¢) , MIRESNHZNEIIGEBU RN, AT DAES HRE MR- T

d5 + 3qu5 +Uys =0, (28)

where H is the mean Hubble rate and Uy denotes the derivative of the potential with respect to the
scalar field. An important implication from the Klein-Gordon equation is that the dynamics of the scalar field
is determined by the averaged effects of the anisotropies, namely the mean Hubble rate and the scalar field

itself cannot detect the fine structure of the anisotropies.

Hrp H 2 FRER, Uy FonBAn B S8, 7kR- BB — N E IR irRH
sSSPV IRGE, tHiR i I 2R AR &7 A & JoiR AN A R e
8
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Nature of Classical Singularities: Types, Strength, and Shapes

gy AP R, sRE SIBIR

So far we have discussed the Hamiltonian formulation of isotropic and Bianchi-I model using the met-
ric as well as Ashtekar-Barbero variables and obtained the dynamical equations which signal existence of
singularities. In this section, we overview some of the properties of the singularities encountered in this cos-
mological setting. According to singularity theorems of Penrose, Hawking and Geroch [1,2], singularities are
the boundaries of the spacetime beyond which the null/timelike geodesics cannot be extended in a unique
deterministic manner. However, an important and complimentary aspect of singularities is their physical
nature in terms of their strength which in literature has played a useful role in gaining insights on the nature
of shell crossing and naked singularities in GR. In the following, we will first briefly discuss different types
and strength of the singularities in the isotropic spacetimes. In the second part of the section, taking Bianchi-I

model as an example, we address the different shapes of the singularities in an anisotropic spacetime.

€5 Nk, BATCEH A AR el s - P 2 B IE T AR MERR AL 5 gz B 1 AU
IGEWERIR, 1528 7 RAT REERNSIIET R, BT, BATREREIZTHEE R a2
ARBER R, ARIEZ P, BN D MR RUEH [1,2], W RUZNESEAS, 28/
HERTCTRAEIL SO AME— I B 7T . A, & R — D EE R FE PR BUR HAZam X 7 P EE
AP, ESCHRA, X —PEBOM IR AR S 72 38 MRS R A BUR 15 TEZEH, TX
BATE e 2 A INEA A RPN 2 AR BIMISE Ay A, EARTRIEE 87y, FRATR DAL 5
IR, B A A N 22 & A AR

Types and Strength of the Singularities

Eps UNESUREET ]S

In the classical cosmology, as long as the null energy condition (o + P > 0) is satisfied, the spatially flat
isotropic FLRW universe would inevitably encounter the big-bang/crunch singularity when evolved backward
in time. Not even the inflationary scenario can help evade the big-bang singularity as the Borde-Guth-Vilenkin
theorem proves [103]. In addition to the big-bang/crunch singularity, there can be other types of cosmological
singularities, depending on the behavior of the scale factor a , the energy density p , and the pressure P as the
singularity is approached [104, 105]. The latter two observables determine the behavior of the Ricci scalar R

in a spatially flat universe since

R TFHYT, HEWETEERMN (o + P >0), ZHEFENAHAFEMY: FLRW 38 H N B 5@
TR BRI /KB E AT o MR /RIS d - b 2, BV R Ak s th iR
JRNERT AL [103]0 BRAJRHIE/RGFERT RS, HEOEA RN, RIERERT o, BERSE o ML P
HIAT AR, A AR = 8 7 AL [104, 105], TEZBRCEFEFET, SR ERE
THEFE R AT, KA

R =87G(p — 3P). (29)
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In general, for the matter with a non-dissipative equation of state P = P (p), all the known cosmological

singularities can be classified into the following categories [106]:

—f&E, NTEAEIESWASTIEP = P(o) WYIR, G TN E e Sa] A RILE
[106]:

+ Big-Bang/Crunch singularity: This type of singularities is characterized by a vanishing volume (scale
factor) of universe with the infinite energy density and pressure, implying that the Ricci scalar also blows
up when the singularity is approached. The null energy condition is satisfied at these singularities. They
signal the ultimate future/beginning of a contracting/expanding classical universe which can be reached
at a finite proper time along the geodesics.

o KIBSE/IRGTEF L IXEHT RINRHER o AR GRERH7) BIET%, sER% SN EHEE T
55, BRERES AN BRI XL, XEARFEFRERRM;, mEERE/ kS
S H R AARNR I, I rT e BR &5 I A 2,

« Big Rip or Type-I singularity: At this type of singularity, all of the relevant quantities, such as the scalar
factor, the energy density, the pressure as well as the Ricci curvature, become divergent. The null energy
condition is also violated at the singularity. An example of this singularity can be found in the models
with a phantom field of the equation of state w < —1 . If we consider a phantom fluid with a fixed
equation of state, then the conservation law results in p a—30+w) ywhich shows that the energy
density blows up as the scale factor becomes divergent. The pressure and the Ricci scalar have the same
fate.

o RURNER T BUE A IXET R, WRERF REREE, Hm DA Ay RS A Hc i E
WaKEL, REAFRMANREFERIRM:, WETEN w < -1 # phantom HERFHRl7{E
IXHA R REBEYATFEEER phantom JiR, SFEAELAH o « a3+ | XK FR
R T ZHNEERE RS, EaRME A R R R

+ Sudden or Type-II singularity: This singularity is featured by a finite scale factor and the energy density.
However, both the pressure and the Ricci scalar become infinite when the singularity is reached [107].

Therefore, the dominant energy conditions are violated for this type of singularities.

o RRTREL I AT A X RET RV RANE R T HIRE R E I EIR, (HEAE [R5
HEEARZ NI [107], RIIXEET KA E ERER SR

« Big Freeze or Type-III singularity: This type of singularity also occurs at finite value of the scale factor,
but all the other physical observables, such as the energy density, the pressure, and the Ricci scalar,
become divergent [108].

o RURGHER I 2URT 5 IR AT R RIRE AR AEAE PR N B BRIERY, HRER®RE, ko, Bk
BRAFFTA H AR B ] N AT = R [108],

« Type-IV singularity: As compared with all of its cousins discussed above, this type of singularities be-
haves normally when assessed by the behavior of the scale factor, the energy density, the pressure and
the Ricci scalar since all of these quantities are finite valued. The divergence shows up when the cur-

vature derivatives are computed [109].
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o IV RUEY S N EIRP A HASRRURY & A L, XK AT AR 7. RERTEE, [RomA A bn
BTN EERIIER, rEREEAZAIRN, LR SEEHEH [109],

The analysis of the energy conditions for the last three types of the singularities is model dependent [104].
Although the singularities discussed above are related with the divergence of physical observables or their
derivatives, not all of these singularities can be regarded as the physical ones. Depending on the strength of the
tidal forces at the singularities, the singularities can be either the strong singularities or the weak singularities
[110-112]. Intuitively speaking, at the strong singularities, the tidal forces are strong enough to destroy any
objects or detectors that try to pass through, while the weak singularities still allow the passage of strong
detectors. The strength of the singularities can be studied in a quantitative way using the projection of the
Ricci tensor along the tangent direction of the geodesics, namely,

JG =288 RINRE R A TR T BT [104], RE RIRICH A SERFY B rD I Sl £ 5
HBHIRBE R, BIFARFTAIX LA Rl A B Ay s ARIE S RUCEIY ISR, A em]
SRAT RANSY AT A [110-112], BRI, 9887 RALHIEIY F1 R AE5R, RERS HESRAEMTIAE 280 AP fA sL
RIER, T5577 =L VFoR R S RRIR IS 20, R DA A B Ay ok B I ER DI T3 IR 0 A
KRR TE T, B

T
f dTR puub. (30)
0

If the above integral becomes divergent when 7 asymptotes to the finite proper time at which the singu-
larity occurs, then this singularity is regarded as strong by Krélak [112]. If the above integral remains finite,
then the singularity is weak. A more restrictive version of the above criterion is to compute the double in-
tegral of the same integrand as considered by Tipler [111]. Straightforward calculations of the integral (30)
in the FLRW universe reveal that the result of the integral is finite when the scale factor is a finite value if
only its second- or higher-order derivatives are divergent. As a result, the big-bang/crunch/rip singularity is
the strong singularity, while the Type-II/IV singularities are weak. For the Type-III singularity, it is strong
according to Krolak’s condition and weak by Tipler’s condition. It is believed that strong singularities are also

the ones where geodesics cannot be extended.

Y EE T A RN ERRERR, & RS AR, NARYE Krolak[112] BYE X, %@ R

MMBRET G A LIRS RERE IR, WHXE AU 9977 Ao Tipler[111] X ZAMERE 77— B ™4
FIRRAS, B A — R RO 5 A, X FLRW TR FR IR (30) ELREHE R (Y R E R

TR ME SN SR, RERFARS NERRER, Fﬁﬁ%ﬁﬁ@om%T%,k@%M:

PR /R AT R R AT A, T 112/ TV BT RO 95 8T Rl X T T YT AR, ARHE Krolak HIHE T 258
7, HRAE Tipler Hl¥EE E%ﬁmo%ﬁMﬁ,ﬁﬁmkmﬂ%w%%L%

Shapes of the Singularities

A SATETR

In the isotropic models, the scale factor in each direction behaves in a uniform way, and the singularities

that are reached by a vanishing scale factor take the form of a point and thus are called the point singularities.
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In contrast, the structure of the singularities becomes much richer in the presence of anisotropies where the
directional scale factors can approach the singularities in different manners. Depending on the behavior of
the directional scale factor when a singularity is approached, there can be different shapes as listed below
[113]:

AR T, DT ARER TR, HRER LT ERIINTAERTY, Bt
PR RAT R G2, SFEESEREN, RE7TARER TR ARG ABIET R, T8
MEHRFERZ, RIEEILAT SN TT AR R TR, Ao AR [113]:

« Pointsingularity: The directional scale factors simultaneously reach zero at the singularities, mimicking
the behavior of the point-like singularity in the isotropic model. For this type of singularities to occur, the
matter-energy density must dominate over that of the anisotropic shear which implies that the equation
of state of the matter must satisfy w > 1. An example in this case is an anisotropic universe dominated

by a single scalar field with a negative potential.

o AT BT AR I A AT AL I A, A0 T A R R AR AR R A BT . B
XRF R, MRRERE LIS S AR ES, RERYIFRIESTERE w > 1, X
RIGH— T2 B A bR 217 T F RS R ST

« Barrel singularity: This singularity appears when one of the directional scale factors tends to a nonzero

constant value, while the other two become vanishing.

o« WA R XET BT — DT A ER T AER R, HANADTT AR E R LT %
SIS

« Pancake singularity: In contrast to the Barrel singularity, the Pancake singularity is characterized by the

vanishing of one of the directional scale factors with the other two approaching nonzero constants.

« RPHER R SMIEA AR, BUBHE AT RRRHIEZ — DT AR R FEE TF, HINETT
AR Tl TR H AL

« Cigar singularity: This singularity emerges when one of the directional scale factors becomes divergent

while the other two tend to vanish.

AFE AT s IR AT R T — D7 FARE R T4 8K, 5N T7 AR (A e T F A 1E

In the presence of anisotropies, a point-like singularity can occur only when matter-energy density dom-

6 | this means

inates evolution over the anisotropic shear. Since the anisotropic shear behaves as 0? « a~
that for all matter with equation of state w < 1, the shape of the singularity is not point-like. In general, the
singularity is a cigar-like singularity. In particular, when the matter is absent, only the pancake and the cigar
singularities can occur in the Bianchi-I spacetime. This can be easily understood by introducing the Kasner
exponents k. with ¢ = 1,2, 3 in which the directional scale factors of the classical solutions scale as a, « tke
. For the vacuum solution, there are two constraints on the Kasner exponents, namely k; + k, + k3 = 1 and
k% + k3 + k% = 1. As aresult, point singularity is impossible to occur since it requires k; = k, = k3 = 1/3

, which violates the second condition. For the same reason, neither the barrel singularity which requires

25



ki, = 0,k, = k3 = 1/2 is possible. In contrast, the pancake singularity can be reached by k; = k, = 0,k; =1
, while the cigar singularity can be realized by choosing one of the Kasner exponents to be a small negative
number and then solve for the other two. Thus, the allowed shapes of the singularity are essentially deter-
mined by the initial conditions on the matter content and anisotropies. When the Bianchi-I universe is filled
with dust, only the cigar and pancake singularities are possible to occur. In contrast, if the matter content is

composed of stiff matter, then the barrel, cigar, and point singularities can form.

FHESAREN, REYYREEREREERAP ESSMENEY), ASHEAIRFT M. HT&R
SYBIYINATRE 02 « a0, XEWREN FRIEYSHERE w < 1 WK, FRBRERZ
RIRI, —BSTERE AR Mo R, M REEYRE, Bianchi-1 N2 RETE BRI AT A
R e FIANFHAHEE k. (2 ¢ = 1,2,3) JFIRAE D EMIX — i L ULR I 77 AR R 714
a, « the FRE, NTEZME, FHRAHEBIEER MR, Bk +k +k =1+ +k3 =1,
K, SESARATREI, FHNEER K =k, = k; =1/3, HBRTE ANLREM, B, 2R
ky =0,ky = ks = 1/2 IEA RWAFTREH L, 52HXM, k =k, = 0,k; = 1 A] ATERRIDHE A
R, TR — R IR EEC MR R RS SN, BRRES RIS A& A Bk, &FRNARFE
AR L P2 7y F0 25 [ S R RIAG 25 HF DE . Y Bianchi-1 8 Feifi 2RI, {XREFZ RS A Y
FRIDHER M. 5280, WRYBRA D ANEYIR, W] DI RSHRE. SRS Ao

Having discussed the nature of classical singularities in some detail, it is pertinent to ask whether quan-
tum geometry effects as understood in LQC resolve all different types of singularities, and what happens to
the shape of the bounce. To answer these questions, we need to go beyond the classical setting and perform a

loop quantization of the isotropic and anisotropic models.

FEREANITIC T2 SR G, A MHEKAE: B2 7577 (LQC) HEZR NEEMRATE 7 LA
NSRS REAFR A R RIZEAI A K2 RIZ FA R IR S R AT 228 ? EREIX LR, 3]
AR BNEZY, X R PR 25 A S R A T 18 B

Loop Quantum Cosmology: Spatially Flat Isotropic Model

Pl it -3 o 23 ) F-3H 25 g [ P Y

In this section, we overview the key steps of the loop quantization of a spatially flat FLRW universe as
originally proposed in [8-10]. It provides a framework where all the aspects concerning the construction of a
quantum theory of gravity, such as the quantum Hamiltonian constraint, the physical Hilbert space, the inner
product, the Dirac observables, and the semiclassical states, are obtained systematically. The construction
of this model also serves as a prototype for applying the techniques of LQG to symmetry reduced spacetimes
with the purpose of understanding the singularity resolution and the effects of quantum gravity therein. Later,
it was succeeded by a series of remarkable works exploring the quantum gravity effects in the spacetimes
with more complicated structure, such as those with a cosmological constant [114-116], radiation [78], the
spatial curvature [55, 56, 117, 118], the anisotropies [58-61, 119-121], in the presence of inhomogeneities [62,
64-67], as well as other variants resulting from different quantization prescriptions [74]. Although the loop
quantization of these different cosmological models exhibits their own properties in the Planck regime, there
also exists one common feature originating from introducing the minimal area gap in LQG in the course

of quantization, that is, the generic resolution of the spacetime curvature singularities [23-27,76,122]. In the
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following, we start with the main steps of the loop quantization of the spatially flat FLRW universe. A key step
in this quantization procedure deals with a careful assignment of the area of the loop over which holonomies
are considered. In the early stage of LQC, this area was taken to be the coordinate area, which resulted in a
quantum theory that suffers from several drawbacks, for example the dependence of the bounce density on
the initial conditions and the fiducial cell and lack of infrared limit as GR when matter violates strong energy
condition [123]. It turns out that the quantization emerging from considering physical areas, also known as
improved dynamics or u scheme in LQC [8], is the only physically viable choice in the isotropic models [123,
124]. In the improved dynamics of LQC, it is more convenient to work with b and v variables obtained from
the c and p variables using a canonical transformation (see (16)) [15]. In the following, we first discuss the

scheme in LQC using volume representation and then comment on the uniqueness of the ¢ scheme.

AT BRATHEIR BT B SR [8-10] $2 A2 A 1H FLRW F=57 Y BBl & T S s B8, ARt
—MEZH, FTRAGIHIEFIIIENMMAMEXAR, UiEE FIREMAR, VIR /RORZSE,
NARL BKPz 5 AT AT E IS, IR RS AT E N R, T LQG HOR R FH R FRL)
fEi=S, DA o SR AR A L R 75 IR, Jask, —RYIEE TR B, KR
T AN EE FRN SRR TS IR, BN E R S [114-116], fRSTNZES (78], H2S(H]
R 23 [55, 56, 117, 118]. Sl FMERT2S [58-61, 119-121]. fEEAEXSIERINZS [62, 64-67], DA
Ko AN A0 77 RS 2N AN AREIRY [74], REIXEEAR R F 0 AR B & 0 AE S B R X
SEUHEERER, HETFAEEFSTIA LQG HE/NAMRBIBREH R — DN ILFERHE, RPNz th
A SRR AR [23-27,76,122]c N XA NS [EF-3H FLRW T8 B & L0 20 BT
Ao mE PR — DD BRI E 2 FETER N ER, £ LQC REFM, XmHH
BORAAARERR, HIHS SIS FECEEZ DG, B0 R0 E KB Ta & =Es, B
LS SR AE B S N AN SRR RILLIMIRR [123], S55R%KRA, FEYHEHRAEZINE
T, WEtE LQC FIIBESN 12200 w775 (8], /2l [al PEAR T FhfE —FF S P SR A0 £ [123,
124], 7E LQC MG 174, fii Fd (E 2 e M ¢ F1 p RS ZIHY b Al v ZRESHFE (WX
(16))[15], FXIATE LA AARF RIS LQC HiY 1 7K, BX u /7 BIME—ME TR,

Loop Quantization of the Spatially Flat FLRW Universe

2 HEH FLRW T B 7k

In this subsection, applying the techniques in full LQG, we outline the construction of the Hamiltonian
constraint operator for the spatially flat FLRW universe in LQC as originally developed in [9,10]. The funda-
mental variables for loop quantization in LQG are the holonomies of the connection along a path [ and the

fluxes of the triads over a 2-surface S, and to be specific, they are formally given by

AN, BATIN 2B B 1510 (LQG) KI5 TE, MRIRAISCHR [9,10] SAMT R &+ 5+ 8
(LQC) F=3[H)F-#H FLRW FHHYRH ML KA FAEE ., LQG HE & TLiEAZ BB IRAEH
B L By 2akes, DAN =4EbRAE i BRI S, BAERIE N

;dx? a 12
I’ll = ?exp dlA(llle , Ei = naEl- d’s, (31)
l S

where the path is parameterized by x“ (), 2 stands for the path-ordered product, n, is the unit normal
to the surface S, and 7; = —io;/2 with o; being the Pauli matrices. In the spatially flat FLRW universe, due
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to the homogeneity and isotropy of the spacetime, the integrals in the above definitions can be computed
o
analytically. For the holonomies, we consider a path along the edge ue; , yielding

HA R m S8 xe (), P 6k, $P$ ARBEHFRMN, n, Bl s fBAIERE, Hr = —io;/2
W o, NIEAIRERE, 7E23RFH FLRW FHH, ﬁ?ﬁ*ﬁﬁﬁ@%ﬁﬁﬁ,iﬁ%%*%ﬂ%ﬂ
DA SRR, X T alilbess, A1H &L uqm%&,TH

V1/3

= exp foo ,ue dl = cos(’u2 )I] + 27; sin (,uZC)’ (32)

hgﬂ)

where the symmetry reduced connection (15) is used. Similarly, one can explicitly work out the fluxes of
the triads which turn out to be proportional to the symmetry reduced triad p [12]. Therefore, the elementary
classical variables of the geometric sector for loop quantization of a spatially flat FLRW universe are the almost
periodic functions of the connection N, = e'#¢/2 and the isotropic triad p . They form the so-called abstract
* -algebra which has a unique representation in the kinematical Hilbert space 7y, : I? (R gopr » AU ponr )
[125-127]. H;, consists of the square integrable functions on the Bohr compactification of the real line with
the basis states given by N,, := (c | ) . The label of the states y is essentially discrete as can be seen from the

inner product of two basis states

HALEF T MFRELILIE I (15), [FIBE, AT ARSI =S4, &5 RS FrELi
JEHI=4EPRAE p BRIE LG [12]0 B, Z31AISP3H FLRW 525 [ B0 T LT3 4 4 5 AR 20 0 i R
%4 N, = eie/? [REFE IR SO S R S 4ERRE po BATHIR T FIBIORS * (8K, %R EHEE
BPETRAARR S H i ¢ I (R ponr » A ponr ) FFFTEME— TR [125-127]0 o HISSERERBY AL |
FOFE7T PTRERBOAR, FEASHI N, = (c | w) %the MPIDEESHIARIATAE H, SHARE u A5 b
BB

D

1
(M1 | o) = llm Y5) de(uy | o) (e | ua) = Spy iy (33)
-D

where & is the Kronecker delta. A general state in 7, is a countable sum of the basis states as

M1,M2

= > a,| u,) with the complex coefficients satisfying the condition Y’ |a, |2 < o0 . There are unambiguous
n

n
operator representations of N, and the triad p which act on the basis states in the way [9]

Hebr 5, EHBNT delta B F0y, TR — NEAS H0 AT 22 7% 9 5 45 B9 AT 550k il
W) = Y anlun) , HEREEREN Y la,l® < oo N, FISHERE p HERRKNETER, ©
IR EEZSHIE RN [9]

(34)

Ny 1) = [+ o), Plp) =

here u, is a constant, and the Planck length lgl = Gh . From the operator N, , one can easily find the

action of the holonomy operator If/Lm ) PAL(” )

on the states in H y;, [10]. The operators and p are the elementary
building blocks for constructing the quantum Hamiltonian constraint in LQC. Now it is time to take the
advantage of the symmetry of the spacetime under consideration, and due to homogeneity and isotropy, it

is obvious that the Gauss and the momentum constraints given in (7) vanish identically. Therefore, only the
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Hamiltonian constraint (8) remains to be implemented. Furthermore, the Lorentzian term in the Hamiltonian
constraint (8) turns out to be a multiple of the Euclidean term in the spatially flat FLRW universe. As a
result, in standard LQC, the geometrical sector of the quantum Hamiltonian constraint is constructed from

its classical counterpart

Ho o BHE, S \text{P}$ ZEMTKE 2 = Gho NET N, FTURA SR ARG R T
AR % 2, ASHITER [10], BT AW 1 p RN LQC B TR B IR M A, PIER
ﬂ]TUﬁIJﬁHFﬁb}?ﬁHT”‘E’JXﬂ’BIﬁ Eiji’J’U%r’jl_Jll% (7) 4 AR A B B AR AR E,
FIHAXRI AR IA BRI R (8) R Tk, AN, 7EZSIFIFHH FLRW T8, MBHRLIH (8) i
TR R LEATHIREE, Fitk, 7R LQC W, B FIASMLIsng Ao 2 2 s
JSINAAPEATE S

I, = ESEpel* (35)

3y
g _»/Vd ZK)/Z\/W & Fap
which absorbs the Lorentzian term into the coefficient of the Euclidean term. A separate treatment of
the Lorentzian term can result in phenomenologically distinct models [74, 77] as will be discussed in section
”Beyond Standard LQC: Incorporating Additional Elements from LQG”. Next we need to express the above
Hamiltonian in terms of the holonomies and the triad. It contains two pieces, the first piece can be written as
[6,128]

BRI LE TR R LRSI R R, MBS IR G EIMER _EAFRIE [74, 77], 3
MR P BT H 22N AN LQG RIINTR” — TN IEIFITIE, #PRBNFTER L
R R e = E R, NI, BRI EAE N [6,128]

1
Eijk pajpbk _ L(p)/"abc Tr (h(“){(h;“)) ,V} rl-), (36)
lq] x 2mryGuVy 3

where V = | p|3/2 is the physical volume and ”Tr” means to take the trace of the parenthesis. The other

piece is the field strength F;, which can be expressed in terms of the holonomies over a square in the j — k
°a ob

plane spanned by the triads e; and ek , namely,

Heh v = |pI? BYEEAR, T FRAHEENNREIE, B—HSRERE,, TALE=E
Oa Ob
ej T e, SKARHY j — k FHE_EIETTTERI24i%0R, Al

i = —21im i Gl H)]wiwi 37)

where h(E“l;k = h;-“ )hg" )(hﬁ-” ))_1(h§<” ))_1 is the holonomy over a square loop. In the classical theory, the
field strength is a local quantity as the area of the square vanishes when 4 — 0. When shifting to the quantum
theory, the holonomies and the volume in (36)-(37) should be promoted to their operator analogs and the
Poisson brackets be replaced by the commutators. In addition to these standard operations, extra care should
be taken of the area of the square used to define the field strength.
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The key point is that in LQG, the area operator has a discrete spectrum with a minimal nonzero eigen-
value. This feature is inherited in LQC in the sense that a nonlocal field strength operator is defined by
shrinking the area of the square to the minimal area gap available for the homogeneous spacetime which is
usually denoted by A = 4\/571'7/151 . Relating the physical area of the square (a?u?V;?/3) with this minimal area

gap, we can fix the value of u to be

KEEET, BRI LQG , MREFFEAREBIY, B ERNEFAMEE, XM LQC
PhoR: M T FFRIZS, BATHET ARG 2] R 5 NERRIBR GBHIER A = 4437y12),
PAUHTE AR R BIA TR AT, K ETT TERIYBRE Y (a2 V,23) S B NEARRIBROCER S, FATTAT A
R p BIEREE

W= = = (38)

|pl
with A = \/Z . This choice of u leads to the well-known u scheme in LQC. Since u explicitly depends on
the triad, ﬁp no longer acts as a shift operator on the eigenstates of the triad operator p . In order to make
the quantum Hamiltonian constraint operator a difference operator with uniform step size, it is convenient to
work with the eigenstates of the volume operator on which J/\iﬁ behaves like a shift operator again. Specifically,

we have [10, 129]

Ht 2= VA, X— p 5T LQC FELM r R, BT BT =85, N FH2=
HERF pAMES LR PR, N TIER FIREIARBENFEAS KIS EDBR, EREE
THAMERE S E 68, Y Nz IRE N PRER. BB, F(TF [10, 129]

3/2
1l 5

Byl o), Nloy =|v+ 1), (39)

0= %

and two sets of basis states, i.e., |[v) and | i) are related with each other via v =

2
34/3v/3

Ksgn (u) |;¢|3/2 . To extract dynamics, we consider a massless scalar field which serves as a matter clock,

where K =

whose classical and Fock quantized Hamiltonian is given by

HrhK = f%ﬂﬂﬁfﬂﬁ% Bl [vyand |y, AIBUEI v = K sgn () |u”> HEZH, 97 H2EE
34/3V3
1%, BAEELRERESENT TN, RIS E R A B IR RN T

2 /—3\/2
Hoy = pi/zaﬁm= ||26 —. (40)
2/p| ¢

Note that unlike the gravitational sector, the Schrodinger representation is employed for the scalar field.

Now according to the Dirac’s quantization approach for the constrained system, the physical state ¥ (v, ¢) :=
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(¥ | v) must be annihilated by the quantum Hamiltonian constraint operator, that is,

RS HEDAE, tRESRABEEIERR, RIEKN N RRGERE LT, WEE
1I’(v,qb) = (¥ | vy DA R T IS RS R, .

Ho® (v,¢) = (Hy + T) ¥ (0, ) = 0. (41)

Combining (35), (36), (37), (40), and (41), we can obtain a quantum difference equation which governs
the dynamical evolution of the physical state and reads explicitly [10]

55 (35). (36). (37). (40) F1 (41), FAIR] AR 1A & 720 771, HEK
=M [10]

03% (v,¢) = [B(v)] HCYP (U +4,9) + COF (0, 4) + C™W (v — 4,9))

=: —OV(v,¢), (42)

where the volume-dependent coefficients are given by

HApREA R R B TG

B = () Klollo+ 11— =110t
=3ﬂ§G|v+2| lo+1llo+1]]o+3 ],
C-(W)=Ct*(—-4), C°W) =-C*(@)-C (v). (43)

The quantum Hamiltonian constraint equation (42) prescribes the quantum evolution of the physical
states with respect to the emergent time ¢ . Unlike its counterpart in the Wheeler-DeWitt theory which is
a differential equation on a continuum background spacetime [10, 15], Eq. (42) is a second-order difference
equation with a uniform spacing in the volume. It naturally divides the space of the physical states into a set of
superselection sectors with support on the lattices: £, = {v = = (4n + ¢)} with n € Nand ¢ € (0,4], and the
physical states defined in different sectors will not be mixed over time by the evolution equation. Moreover,
using the group averaging techniques [130-133], we can define the inner product of the physical states and the
relevant Dirac observables, such as the volume operator at a particular time 04, and the momentum operator
Dy [10]. These Dirac observables also preserve the superselection sectors, and their expectation values under
the physical states can be used to extract the physical predictions of the quantum theory. Furthermore, physi-
cal semiclassical states can be constructed precisely in LQC, and the numerical simulations of their dynamical
evolution under quantum difference equation (42) lead to quantitative results on the singularity resolution.
The evolution of different types of the physical states, starting from the sharply peaked Gaussian states to the
highly squeezed and non-Gaussian states, has been extensively studied in order to test the robustness of the
singularity resolution [10,13,134,135]. For the sharply peaked Gaussian states, it has been found that these
states remain peaked in the backward evolution during which the volume of the universe shrinks. At very

small spacetime curvature, the evolution of the expectation value of the volume operator coincides with the
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classical trajectories to a great accuracy. Deviations of the quantum evolution from the classical trajectories
occur at high spacetime curvature where the expectation value of the volume operator in the quantum theory
bounces at the critical energy density p. = 0.41pp . After the bounce, the volume of the universe starts to
increase again. The quantum geometry effects become dominant only in a small neighborhood of the bounce
which connects the contracting branch with the expanding one. This feature of the quantum dynamics in
LQC can also be precisely captured by the effective dynamics of LQC based on a continuum spacetime de-
scription as will be discussed in detail in section *The Effective Dynamics of Isotropic Model”. In Fig. 1, with
the massless scalar field as an emergent time, we compare the trajectory of the expectation value of the vol-
ume operator with those from the effective dynamics of LQC as well as the classical GR. It is obvious from
the figure that the effective dynamics gives an accurate approximation of the expectation value of the volume
operator from the quantum dynamics throughout the whole evolution of the universe, including in particu-
lar the Planckian regime. In addition to the highly peaked states, the quantum bounce is also found to be a
robust feature for the widely spread or squeezed states for which the bounce will occur at a lower maximum
energy density than p. [13,134], as well as different quantization prescriptions in LQC [136, 137] and even
when more features from full LQG are incorporated into the construction of the model (see section "Beyond
Standard LQC: Incorporating Additional Elements from LQG” for more details).

®T %@ﬁ%ﬁﬁ@@ﬁ%?%@uﬁﬁ?ﬁﬂﬁﬁ¢m%¥ﬁk EE- AR RO P R B
TSRS RN L 7R [10,15], 52 AR, FE (42) B LRSS =M Z5 75
2o bE%h%@u$EW%ﬁ§%fﬁmLm RINBIRFE T Lo = (v = £(4n+ o)} (K2
neNFlee (0,4]), FRIZEXNYESR2AEHEMS FRHBERN ARG, b, FIAREIHEAR
[130-133], FRATTAT DAE Y BRASHI AR AR AE IR v i SN, BANRE E I ] 0, ALAIIATHERAY
FIBN RS Py [10]o IXEEPKHL v ATV & W ARFHEE 0 SO, BAHEYERAS FRYMIBEE AT H
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B 25 T MR BLIE S TS 2 & R4 AE = S S A R 2R B S T [10,13,134,135], X
TRUUEEINE, R LSRG s E I R P AR R R, TEARIRET R R,
ARRETHARENECSSMPUTSEY &, YNZHREEN, B Elimssdigor, &7
@*W&ﬁﬁ%%%ﬁ%ﬁ%ﬁ%iﬁgpwdmmmkﬁiﬁﬁoﬁﬁﬁ,?m%&ﬁMﬁ%@
Ao BT URIRUNAN AR JE R R i 59 SRR 73 S ) SRARIRIN o 2 50 TEAN “Brlal R MBI A 3K
MNFT —THRFMIeH), ETESNZTHIAR LQC AR 1 A HRER e LQC &3I4
X —HHIE. B 19, BATATCRER R EIRBIN R, A T ARER R EENYES LQC A
ﬂﬂﬁ?\%ﬂﬁxmﬁmmﬁﬂoMl¢T%LE& BN FEFHENEOLES, LH

RS R X, #RREME L LR T 3h 11 A A R RF R E, BR T S ESoh, WF 1T
%ﬁiE%u B R EREIRHE— X RS R Z TR T o, [13, 134] I KRER T E
ab; T H LQC AR E AR [136,137], HEEERAFGIE NN TR LQG EEZRHEE (£
“HEBFRIE LQC: N LQG FIMNER” —T1), BT RIUKIATELE,

The robustness of the singularity resolution has also been further confirmed using analytical solutions in
the solvable loop quantum cosmology (sLQC) [15]. This model is obtained by recasting LQC in the spatially
flat FLRW universe with a massless scalar field in the b representation. Due to the availability of the analytical
expressions of the physical states, one can explicitly compute the expectation values of the volume and the
energy density operators for an arbitrary physical state. It turns out that the expectation values of the volume
operator have a nonzero minimum which implies the existence of the bounce. Furthermore, the computa-

tion of the expectation values of the energy density reveals an upper bound exactly equal to 0.41pp Which is
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exactly the same as the maximum energy density encountered in the numerical simulations and the effective
dynamics. In addition to confirming the robustness of the bounce for an arbitrary state in the physical Hilbert
space of LQC, sLQC also plays important roles in various aspects in the investigations of the related subjects,
such as understanding the evolution of quantum fluctuations across the bounce [16, 17, 138, 139], computing
the quantum probabilities for the occurrence of the bounce in LQC [18] and singularities in Wheeler-DeWitt
theory [20] as well as exploring the relations between LQC and the Wheeler-DeWitt theory [15]. Here let us
note that the consistent quantum probability for singularity to occur in the above model in LQC turns out to
be zero, while the bounce has the probability of unity [18]. On the other hand, the probability for singularity

to occur in Wheeler-DeWitt quantization of the same model is unity [20].

& B AT AR IE & T % (SLQC) HHIIMNTAR, 77 slE RIS S T — IS [15], %A
SERTEE TR B &I 23 A1 F B FLRW T8 LQC SEFTRIARTE b REHPBEIN, HTFAILAE
FIYERASRFNT RIAR, BATREB TR S T U E AR BN RS ERITHEEE, 452
RAA, BRRERFIAREFEIESRIME, XERE DA RTFIE, b, XTRER%E B ERIT
HERERREFEERTET 0410 M ER, X—4RS5BUEBRIFIA S0 F PR 2R KR
BEETER o BR TIESE LQC YA /RIAREZS [ H RS AR G B 14N, sLQC TERHE
W RS 2 75 L R EE EEAEH, a0 PR 7 ik V4 18 28 i s 3 ) R HR A TEAE: [16, 17, 138,
139]. 8 LQC AL (18] 5 H#-E4ERF I A s [20] IR THEZ, DARIRSE LQC
5HE#EAEREIC RIFER (15, ERFEREH, B LQC BAI & s AN —HE PR N
%, MRFEEAEIBERN— [18]; 52AEX, [Fl—ALE B - TP A mUR AR —
[20]

Before moving onto the next subsection, a few remarks are in order. Firstly, the mathematical structure
of LQC is similar to the polymer quantization of a nonrelativistic quantum mechanical system which is im-
plemented by realizing the Weyl algebra in the kinematic Hilbert space. The latter is unitarily inequivalent
to the Schrodinger representation in the sense that one of the canonical pairs is essentially discrete in the
polymer representation and there is no operator corresponding to its conjugate variable. In this way, the von-
Neumann theorem is bypassed, resulting in the essential difference between the polymer quantization and
the Schrodinger quantization [140]. Secondly, LQC adopts a hybrid quantization approach, that is, the gravi-
tational part of the classical Hamiltonian constraint is loop quantized, while the matter sector is quantized in
the Schrodinger representation. Therefore, these two sectors are essentially not treated on the same footing.
Since deep in the Planck regime, the matter field also lives on the quantum discretized spacetime, the study
of the quantum geometry effects on the matter sector is required for a consistent description of the quantum
dynamics. Previous works on the polymer quantization of the scalar field and its cosmological implications
can be found in a series of papers [141-143]. Further, to obtain the final expression of the quantum difference
equation, a unique factor ordering has been chosen for the quantum Hamiltonian constraint operator. There
are different choices of the factor ordering as discussed in [9]. The resolution of the curvature singularity is
found to be robust against such a choice. Finally, while in this section we have considered the u scheme for
loop quantization arising from the choice (38), in the early literature of LQC, a different choice was made
where u is a constant. It turns out that such a choice runs into various problems, such as with the infrared
limit of the theory [123] and occurrence of bounce at a scale which depends on the fiducial cell [10]. In fact, if
one considers any other variation of (38) where  is a function of triad only, such as in lattice refined models
considered in [144], one finds that the quantization scheme is severely limited phenomenologically when one
considers different matter satisfying null energy condition [123]. In this sense, the i scheme turns out to be a
unique favored choice. This conclusion is also supported by studies on the stability of the quantum difference
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equation [145, 146] and the unique factor ordering in the continuum limit of LQC [147].
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[123], PAR Sk AETEMOMT fiducial FTCAYRESR L [10], FSE b, WEREIE (38) HUHAML(R, H
W u SO =7 B RAEE, HIANSCHR [144] THERVRS AL AR 2 S35 B R FRER 51T
HIARFPIBIN, SABXME 77T RMER EAAERKIRIR [123], WIZPDESC R, w7 =2 —
ZHMRIIERE, XIS R T B E0 7T BARE DTS (145, 146] DL LQC LMK IR T ifE—[A]
TFHEFPSR [147] ISR

The Effective Dynamics of Isotropic Model

R A 2l 2

In the previous section we saw that the quantum evolution in LQC is governed by a non-singular quan-
tum difference equation which couples the wavefunction in uniform steps of four Planck volumes in the
isotropic model. In general, extracting physical predictions using this equation requires supercomputing re-
sources. However, it is possible to obtain an effective spacetime description (Unlike the usage of this term
“effective” in standard quantum field theory where one integrates out high-energy modes, in the effective
spacetime description of LQC, one retains quantum geometric Planck-scale effects. The resulting differential
equations from the effective Hamiltonian in the i scheme of LQC are not classical unless one probes small
spacetime curvature regime.) capturing this dynamics for a suitable choice of coherent states using geometric
formulation of quantum mechanics. At first sight it may seem naturally puzzling on how can one capture the
non-perturbative quantum gravity effects resulting from quantum geometry in a continuum effective space-
time description. The central result from which one can derive this description is that Schrédinger equation
is nothing but the Hamilton’s equation in the quantum phase space [148,149]. While a detailed discussion of
this approach is beyond the scope of this chapter, we provide a brief glimpse of the underlying idea and refer
the reader to [148-153] for more details.
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Using geometrical formulation of quantum mechanics, one can view the Hilbert space as a quantum
phase space with a symplectic form Q defined via the imaginary part of the Hermitian inner product. The
symplectic form allows us to define Poisson brackets and Hamiltonian vector fields. Given a self-adjoint
operator 0, its Schrodinger vector field can be defined as X5 (%) = —(i/h) 61,0 . If O is a Hamiltonian
operator, this is a Schrodinger equation. It turns out that the expectation value (O) also generates Hamil-
tonian vector field which is exactly the same as the one generated by X5 . This implies that if one is in-
terested in obtaining the dynamical evolution of a quantum system determined by a self-adjoint Hamilto-
nian, then that can be equivalently obtained from the Hamilton’s equations using expectation values of the
Hamiltonian operator. If one considers two arbitrary self-adjoint operators A and B with expectation values
A= @® |A\| Pyand B = @ 1§| ¥) , then it is straightforward to show that the Poisson bracket of A and
B equals {A,B}, = <%1 [A\, §]> . Using which one can show that %(ZD ={AH }QQ . Time evolution of the
expectation values of operator A can be deduced from the Poisson bracket on the quantum phase space. It is
to be noted that H is not a classical entity but is the expectation value of the quantum Hamiltonian operator.
It is interesting that one can view the Schrédinger evolution as resulting from a Hamilton’s equation in the

quantum phase space.
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In LQC the effective spacetime description can be obtained by implementing above techniques and then
obtaining an effective Hamiltonian. There are two ways this can be achieved. The first method is based on
introducing a coordinate system on the infinite-dimensional quantum phase space using expectation values of
quantum operators for phase space variables and their products and higher-order moments. Since dynamics
isencoded in an infinite number of coupled nonlinear differential equations, one uses a truncation to a certain
order in moments to obtain an approximate evolution of the expectation values [154]. The second method
[21,22], which has been widely tested using numerical simulations [13,134,135], is based on finding a reliable
embedding of the classical phase space into the quantum phase space. Finding this embedding which is
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preserved by the Hamiltonian flow is a nontrivial task which requires a judicious choice of semiclassical
states. In LQC this embedding has so far been found for the spatially flat isotropic universe sourced with a
massless scalar field. In the following we consider the effective Hamiltonian for the massless scalar case and
generalize the setting to arbitrary matter assuming the validity of the effective Hamiltonian approach.

FEE R FFH% (LQC) Y, RNEE MM RV IAGEIA MR EWR, MMIRSH N ik, Sl
X—HARE AR 7R, SIS 4ER TR, AR AR T R AR,
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MG EWOTIESLATRTIR T, KRR EE R RIS

The Modified Friedmann and Raychaudhuri Equations in the k = 0
FLRW Universe

k = 0 FLRW “F*Hi FPAE 1L b L EE 2 75 R ol 28R 75

In a spatially flat FLRW universe, the effective Hamiltonian constraint has been derived in the case of
the massless scalar field using the embedding method. In terms of v and b variables introduced in section
”Spatially Flat, Homogeneous, and Isotropic Spacetime: Classical Aspects”, it turns out to be [22]

FEZSRFHEET FLRW T, FARBATTIRCEHESH T IERERESEY ARG E LR,
EBIEYT “EFHE, SR EREERN 2 SRR PFIAR ol b R, &AM [22]

3usin® (Ab) Pé
8 Gy2A? 2v°
where the matter content is taken to be a massless scalar field. Note that the same Hamiltonian can

(44)

also be obtained from the classical Hamiltonian constraint (17) by using the thumb rule b?> — sin’ (Ab) /22
which as a cautionary remark only holds for the spatially flat FLRW universe. The modified Friedmann and

Raychaudhuri equations can be derived from the Hamilton’s equations

HApP A BN R R, R, RIAHWHR A DOBEE L3N b2 — sin® (Ab) /2> NZHLK
LR (17) 198, FERERZE, ZMNOOEH T2 A FHEE FLRW T8, BERNEEES75
R S ER ST 752 r] ARG EW7 ReitE F tH

(45)

) 2

. 3v - 3sin®(Ab) 27GYDy

v—msm(zlb), b=- T7C AT

Using the Hamiltonian constraint and the equation of motion for the volume, it is straightforward to

obtain the modified Friedmann equation [10,155]

A A ELRA A8 771, TRA S EEHEIERHEES 757/ [10,155]
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H? = %p (1 - pﬁc). (46)

Here p as before denotes the energy density of the matter content, which in the present case is p =

pé/ (2v?) , and p,. is the maximum density equal to p. = 3/87GA%y* ~ 0.41 for y = 0.2375 , which is deter-
mined by the black hole thermodynamics in LQG [156]. If we assume the validity of the effective Hamilto-
nian constraint for all the matter content, the quantum bounce takes place at the maximum energy density
. where the Hubble rate vanishes. Before the bounce, there appears a contracting phase which also has the
classical limit in the distant past when the energy density becomes much less than the Planck density. The
evolution of the universe filled with a massless scalar field is symmetric with respect to the quantum bounce,
and the Hubble rate is bounded throughout the evolution. Moreover, the magnitude of the Hubble rate at-
tains its maximum H2,, = 1/4y?2* at p = p./2 . In the regime p./2 < p < p. , the universe enters into a

super-inflationary phase with H > 0.
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The Raychaudhuri equation can be similarly obtained from the equation of motion for b , which turns

out to be

K, FmESFTETTEA] DM b KIssh G 8], RALERN

a 3

where P denotes the pressure of the scalar field. It is obvious that when the energy density is far less than

a__4nG, (1 —43) — 47GP <1—2£), (47)
Pe Pe

the Planck density, both the modified Friedmann and Ray-chaudhuri equations asymptote to their classical
counterparts. Finally, combining the modified Friedmann and Raychaudhuri equations, it is straightforward

to obtain the energy conservation law

Hrp PRTIREEM, BR, HEREEILNTEIEERN, BIEErHEES RN E
SRR SN T EMNNEMPY R, &5, SEEIENTERMEESTRENmERTEITE,
A DARA 5 15 2 RE &~ 15 e

Pp+3H(p+P)=0, (48)

which takes the same form as its classical counterpart. The validity of these effective equations has
been tested rigorously using high-performance computing methods [13, 134, 135], including extension to
anisotropic models [14, 157]. It has been found that if one starts with states sharply peaked on the classical
trajectory in the expanding branch and evolves them backward, then states retain their peakedness properties
throughout the evolution and one recovers a classical pre-bounce universe before the bounce. If instead one

considers a very quantum state, then the state retains its quantum character during the evolution through
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the bounce. Further, the energy density at bounce in such a case decreases [135] by exactly the same amount
as predicted by exactly solvable model of spatially flat universe in LQC sourced with a massless scalar field
[139]. For this particular model, bounce at lower density due to quantum fluctuations can also be captured
by a modified Friedmann equation resembling (46) [158].

ZEREASEME R T, XEGROTRNA R ELmd SR TR A G R TS
UIE [13, 134, 135], MHIRIIEICHE 2 T & MRS 14, 157], BF5EREE, ANSRMAZRK 77 S & 0050
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We conclude this subsection with a few remarks. First let us note that the modifications to the Friedmann
dynamics are non-perturbative in nature and cannot be captured by introducing a finite number of higher cur-
vature terms. Indeed these arising from nonlocal effects require a nonlocal action. Such an effective action
has been obtained in the Palatini framework which very accurately results in the modified Friedmann equa-
tion (46) [159]. Similarly an effective action has been obtained for the variants of LQC which result in much
more complex modified Friedmann dynamics using Palatini framework [160]. Second, in the above treatment
we have excluded inverse volume modifications in the effective dynamics. While they are not applicable for
non-compact models, they still play a negligible role compared to holonomy modifications for compact spa-
tially flat models if bounce happens at volumes much greater than Planck volume [10]. However, inverse
volume modifications can play a role in singularity resolution in the presence of spatial curvature. In fact,
they can lead to singularity resolution just by themselves [161], allow probing the nature of non-singular
quantum spacetime near and at the zero scale factor [162], and are also important for bounds on anisotropic
shear in Bianchi-IX model [163]. However, there is a caveat to be noted in the effective description. In the
regime when inverse scale factor becomes important, fluctuations of states are expected to be large. But, as
mentioned above, for states with large fluctuations, modified Friedmann equation surprisingly turns out to
be valid but with a lower bounce density. While this result has so far been found for spatially flat model, note
that for small-scale factors spatial curvature term is much smaller than the matter-energy density. While this
does not provide any direct evidence of the validity of modified Friedmann like equations in the deep Planck
regime for more general cases than as discussed in Ref. [158], it does indicate the domain of validity of modi-
fied Friedmann dynamics may be larger than expected. Nevertheless, in the following, it is important to recall
the caveat of assuming the validity of effective dynamics in the entire regime.
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Generic Resolution of Singularities

R

We have seen so far that quantum geometry effects in LQC can successfully resolve the big-bang singu-
larity for isotropic universe sourced with a massless scalar field. If we assume that the effective Hamiltonian
is valid for different types of matter in all regimes, it is easily seen that the modified Friedmann dynamics
results in a bounce in the Planck regime if the matter satisfies the weak energy condition. However, as dis-
cussed in section "Nature of Classical Singularities: Types, Strength, and Shapes”, cosmological singularities
can be more general than the big-bang/crunch singularities. This results in a pertinent question: Whether
loop quantum effects resolve all of the space-like singularities? To answer this question it is important to
understand whether loop quantum geometric effects always bound the spacetime curvature, or if there are
exceptions. What happens to the fate of strong and weak singularities? Finally, one would like to answer
one of the most important questions on singularity resolution: Are loop quantum spacetimes geodesically

complete?
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While the geodesic extendibility tells us whether the event at which curvature diverges is a physical singu-
larity or not, the strength of the singularities as discussed in section "Types and Strength of the Singularities”
tells us whether an in-falling observer or detector is completely annihilated by the tidal forces. These com-

39



plimentary approaches together help us understand a more complete picture of physics of singularities. In
classical cosmological context, geodesic incompleteness signals strong singularities and vice versa. Similarly,
in the classical theory a passable curvature divergent event in geodesic evolution in a cosmological model is
linked to a weak singularity. Note that quantum geometric effects can in principle resolve the strong singular-
ity, but for a non-singular description it suffices if they just convert it into a weak one (It is possible that such
a passage from a curvature divergent event in the effective description may result in additional complexities
for the effective description. However, as everywhere else in this chapter we assume the validity of effective

description in all regimes.).
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The fate of geodesic completeness and of strong and weak singularities has been explored in detail in
LQC using the effective spacetime description [25]. Let us recall that using an exactly solvable model of
LQC one can show that there is a nonzero lower bound on the expectation value of the volume operator
and a universal upper bound on expectation value of the energy density operator for the states in the physical
Hilbert space [15]. At the level of effective spacetime description, these results generalize to all types of matter
but do not exclude the possibility of divergence in curvature components due to divergence in pressure at a
finite density and scale factor. This is in addition to the boundedness of the Hubble rate which is directly
responsible for lack of breakdown of geodesic evolution and resolution of strong singularities. The quantum
geometric effects which manifest themselves in boundedness of relevant observables in the quantum theory,
such as volume and energy density, result in an effective spacetime which is geodesically complete and free
of strong singularities. It has been proved that for arbitrary matter content there can be no strong curvature
singularities in the isotropic models [23] as well as in the presence of spatial curvature [122] and anisotropies
which include Bianchi-I [24], Bianchi-II [26], and Bianchi-IX models [27]. These results also extend to the
Kantowski-Sachs spacetime which in the absence of matter captures the interior of the Schwarzschild black
hole [28]. In all these spacetimes, LQC results in geodesic completeness. In addition these results have been
checked to be robust in modified versions of LQC for the spatially flat isotropic model [76]. An interesting

result from these investigations is that LQC permits weak curvature singularities.
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At these singularities spacetime curvature in LQC can indeed diverge. This can be easily seen via the
modified Raychaudhuri equation (47). While the quantum geometry effects in LQC universally bound the
energy density, they do not bind the pressure. Therefore, for an appropriate choice of equation of state where
the pressure can diverge at finite energy density, the spacetime curvature can diverge in LQC. Recalling the
types of singularities from section ”Types and Strength of the Singularities”, one finds that type-II singularities
are not resolved in LQC [23]. Similarly, type-IV singularities which occur because of divergence in derivatives
of spacetime curvature are also not resolved. Note that both of these singularities are weak singularities and
thus harmless for geodesic evolution. In addition to these results, various models have been explored assum-
ing phenomenological equation of state which permits study of various types of cosmological singularities
[164- 168], in which the fate of various types of singularities has been studied. These investigations confirm
that all types of strong curvature singularities are resolved in LQC. Indeed it can happen that strong curva-
ture singularities are converted into weak ones because of quantum geometry effects making them harmless
[23]. An open question in this arena is whether singularity resolution which is robustly seen for isotropic and

anisotropic models also applies in the the presence of inhomogeneities.
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The Inflationary Scenario in LQC

= 3
LQC PRIk R
The inflationary paradigm is one of the cornerstones in the modern cosmology. It does not only resolve
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some long-standing puzzles in the standard big-bang model but also provides a mechanism for the develop-
ment of large-scale structure in the universe. However, the inflationary paradigm itself is not past complete
as pointed out in the incompleteness theorem by Borde, Guth, and Vilenkin [103], and the inflationary space-
time in a spatially flat FLRW universe would inevitably encounter a singularity in the backward evolution
as long as the null energy condition is satisfied [3]. To resolve the big-bang singularity in the inflationary
paradigm, a straightforward phenomenological model in LQC is to make use of the effective dynamics by
adding an inflationary potential into the effective Hamiltonian constraint. Although with the inclusion of the
inflationary potential, the scalar field can no longer serve as a matter clock due to its non-monotonicity, the
additional matter clocks (also called reference fields), such as the dust fields or the massless Klein-Gordon
fields, can be taken into account, resulting in a "two-fluid” system [96]. The loop quantization of such a system
is implemented in the reduced phase space where the Dirac observables with respect to the matter clock are
explicitly constructed. The quantization proceeds in a similar way with the i scheme as described in section
“Loop Quantum Cosmology: Spatially Flat Isotropic Model”, leading to the quantum difference equations
with the same non-singular structure as in LQC. It turns out that the effects of the reference fields on the
background evolution of the universe can be tuned as small as possible when the magnitudes of their energy
densities are chosen to be sufficiently small [96]. Therefore, in the following, we simply add the inflationary
potential directly to the effective Hamiltonian constraint as a phenomenological model to consider the effects
of the inflationary potential in an LQC universe without taking into account any additional effects from the
reference fields. This is also the common practice in the literature to study the extension of the inflationary
paradigm to the Planck regime in the framework of LQC. Moreover, numerous inflationary models have been
discussed extensively in LQC, such as single-field inflation [29, 31-34, 39-45], multi-field inflation [35], tachy-
onic inflation [30], inflation with non-minimally coupled scalar field [36], in the presence of anisotropies [37],

spatial curvature [46, 169, 170], and warm inflationary scenarios which include radiation dissipation [47].
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Since Planck 2018 data prefers single-field inflationary model with a plateau in a spatially flat universe

[171], we will focus on this simplest model of inflation in the rest of this subsection. The effective Hamiltonian
for a massive scalar field minimally coupled to gravity in LQC takes the form
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= —%}/gf) + g—z + U, (49)

where U stands for the inflationary potential. Using the effective dynamics generated by the above back-
ground Hamiltonian constraint, various inflationary potentials with their phenomenological implications on
the background evolution of the LQC universe have been investigated in the last decade, such as the chaotic
potential, the fractional monodromy potential, the Starobinsky potential, the non-minimal Higgs potential,
and the a attractor. Among them, the most studied examples are the chaotic potential and the Starobinsky
potential. It has been found that although the bounce can be dominated by either the kinetic energy or the
potential energy of the inflaton field, only the kinetic-energy-dominated bounce turns out to be relevant to
the observations, which requires around 60 inflationary e-foldings. The potential-energy-dominated bounce
can exhibit distinct properties of the inflationary phase with a different choice of the potential. For exam-
ple, with the chaotic potential, the potential-energy-dominated bounce can lead to excessively long period
of the inflationary phase, while with the Starobinsky potential, there would be even no sustained period of
the inflationary phase if the bounce is dominated by the potential energy. As a result, various investigations
have been directed to study the properties of the universe with a kinetic-energy-dominated bounce by using
numerical simulations as well as the analytical approximations. It has been found that such a universe under-
goes several characteristic stages evolving from the quantum bounce in the Planck regime [43]. These stages
are featured by the distinct behavior of the equation of state of the inflaton field. The bounce, including the
super-inflationary phase, is located in the Planck regime where the equation of state is very close to unity due
to the negligible potential energy. It is then followed by the transition phase in which the equation of state
quickly drops from positive to negative unity in a couple of e-foldings. Afterward, the slow-roll phase starts,
and its duration is directly determined by the initial value of the inflaton field at the quantum bounce. In
addition to the numerical results, the analytic expressions of the background solutions have also been stud-
ied for each phase particularly for the chaotic and the Starobinsky potentials which serve as the basis for an

analytical investigation of the primordial power spectra in LQC later on [43].
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On the other hand, to fully explore the parameter space of the initial conditions at the quantum bounce
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which is essentially one-parameter space determined by the value of the inflaton field, the qualitative dynam-
ics of the inflationary model in LQC is analyzed by casting the universe filled with an inflaton field into an
autonomous system described by a closed set of first-order differential equations [29]. The two-dimensional
phase space portraits can be obtained from this set of equations with x/y-axis proportional to the square root
of the potential/kinetic energy of the inflaton field. A representative example of the phase space portraits is
illustrated in Fig. 2 in which we use the Starobinsky potential as an example. All the trajectories are confined
within the unit circle which represents the quantum bounce at the maximum energy density in LQC. From
the above phase space portraits, one can intuitively see that “most” of the initial conditions can lead to the
slow-roll phase before reaching the reheating phase located at the center of the plot. In LQC, one can unam-
biguously compute the probability for the occurrence of the desirable slow-roll phase which is defined as the
one with enough e-foldings to allow the pivot mode to exit the Hubble horizon during the slow-roll phase. The
key point is the additional structure provided by the quantum bounce in LQC. As is well known, the problem
with having a definite probability for the occurrence of the desirable slow-roll phase in classical GR is tied up
to the fact that the Liouville measure on the gauge-fixed surfaces H = H, = const fails to naturally descend to
ameasure in the space of physically distinct solutions. As a result, different choices of the gauge-fixed surface,
namely different values of H,, , can even lead to opposite results on the probability [172]. In contrast, there
exists a canonical choice of the time instant, i.e., the bounce surface, which is endowed with a distinguished
physical measure yielding a finite physical volume of the available parameter space at the bounce. It can be
shown that for the chaotic potential, the possibility for the desirable slow-roll phase to not happen in LQC
is less than three in a million [32,34,38]. Similar results have been obtained for other versions of LQC ob-
tained from treating Euclidean and Lorentzian parts of the Hamiltonian constraint independently resulting
in mLQC-I and mLQC-II [173, 174]. No such are available for the Starobinsky potential. This is because the
physical volume of the parameter space turns out to be infinite, and hence no estimates on the possibility for
the desirable slow-roll to happen can be found.
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Fig. 2 This figure shows a 2-dimensional phase space portrait of the qualitative dynamics of the uni-

verse filled with a massive scalar field with mass m for the Starobinsky potential in LQC. The x -axis is

X = xo (1 —exp (—\/ 167rG/3¢)) with y, = 3237:'; . The y-axis is Y = ¢/4/2p. . It illustrates the generic

evolution of the physical solutions from the quantum bounce to the reheating phase. The arrows in the figure

denote the time flow in the forward evolution. All the trajectories starting from the unit circle which rep-
resents the quantum bounce first tend to the inflationary separatrices and then circling around the origin,
signifying the decaying of the energy density in the reheating phase
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The Matter-Bounce and the Ekpyrotic Scenarios in LQC

fel & i AP YRR 95 K

In this subsection, we briefly summarize the results from the ekpyrotic and the matter-ekpyrotic-bounce

scenario in LQC. The matter-bounce scenario and the ekpyrotic scenario are actually two separate ansatz to
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address different issues encountered in the construction of alternative phenomenological models to the infla-
tionary paradigm (Note that as in the case of inflationary potentials studied in LQC, the ekpyrotic potential
is not derived from LQG and is used in the following discussion only as a phenomenological model to under-
stand the role of quantum geometric effects in the presence of ekpyrosis which here means a period where
equation of state is greater than unity.). The matter-bounce scenario [175] aims to produce a scale-invariant
power spectrum of the linear perturbations during the contracting phase of the universe in a period of van-
ishing equation of state of the matter field which is dual to the inflationary phase in the expanding branch
[176]. In GR, the most difficult part for such a scenario is the realization of a nonsingular bounce, which is
usually achieved by introducing an exotic matter content which violates null energy condition or modified
gravitational sector [177-181]. In contrast, the generic resolution of the big-bang singularity due to the quan-
tum geometry effects in LQC provides a natural framework to investigate the physical implications of such a
scenario without altering either the geometric or the matter sectors. There is no need to introduce any exotic
matter or fine-tuning of initial conditions, and one can simply consider a massless scalar field or a dust field
in the bouncing universe in LQC. However, it turns out that the magnitude of the power spectra produced in
such a simple setting is proportional to the maximum energy density in LQC which is of the Planck scale [50].
Hence, considering only a matter field with vanishing equation of state in LQC is not sufficient to produce a

scale-invariant power spectrum with the observationally consistent magnitude.
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On the other hand, the ekpyrotic scenario provides an alternative explanation on the origin of the uni-
verse [182, 183]. In this framework, our universe is supposed to exist on a brane interacting with other branes
in a higher-dimensional bulk. The big-bang/big crunch singularities correspond to the collision of branes,
and the universe is supposed to undergo cycles of contracting and expanding phases. This evolution is cap-
tured by a moduli field which measures the inter-brane distance. The inter-brane potential has a peculiar
shape with a sharp negative well. When the moduli field is in this well, its equation of state can become
much greater than unity. In this case ekpyrotic matter-energy density dominates the dynamics even in the
presence of anisotropies which scales as 0> « a=® . In principle this phenomena can alleviate the chaotic
approach to singularities and the Belinski-Khalatnikov-Lifshitz (BKL) instability [184]. But the problem with
conventional ekpyrotic scenarios is the presence of big-bang/big crunch singularity. In LQC, the ekpyrotic
scenario was first discussed in [29, 48] where singularity resolution was achieved. It was noted that even with
singularity resolution there exist inherent problems, which are independent of LQC, with lack of turnaround
of the moduli field along with that of the scale factor at the bounce. Later it was found that in order to form
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a cyclic universe, in addition to the ekpyrotic field, another matter field or anisotropies must be also taken
into account [49]. Extensive numerical simulations have been performed in the Bianchi-I model in LQC with
ekpyrotic and an ekpyrotic-like potential which confirm resolution of singularity in these models due to non-

perturbative effects [185].
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Since two scenarios discussed above address different problems encountered in the construction of a
feasible alternative paradigm to the inflationary one, it is useful to study them together which results in
the matter-ekpyrotic-bounce scenario [186, 187]. In LQC, the physical implications of the matter-ekpyrotic-
bounce scenario on the background dynamics as well as the primordial power spectra have been investigated
in [51-53]. In these works, gravity is minimally coupled to two fluids, namely a dust field which plays the
role of producing the scale-invariant power spectra in the contracting phase and the ekpyrotic field which
isotropizes the bounce. The contracting branch is thus divided into two stages, the dust-dominated phase far
from the bounce and the ekpyrotic phase near the bounce which helps remove the reliance of the magnitude of
the power spectra on the maximum energy density at the bounce in LQC. Using the dressed metric approach
to perturbations, it has been found that the primordial power spectrum of co-moving curvature perturbations
is almost scale invariant for the modes which exit the horizon in the matter-dominated phase [53]. Analysis
of the spectral index and observational constraints shows that refinements in this model are necessary. Fi-
nally, let us note that while ekpyrotic models can be successfully embedded in LQC, the same cannot be said
if we generalize to another variant of LQC [188] (see section "The Effective Dynamics of mLQC-I/II” for a

discussion).
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Loop Quantization in the Presence of Anisotropies and Inhomogeneities

FisetE S A AE PR e

In this section, we overview the loop quantization of the Bianchi-I model in the i scheme and the polar-
ized Gowdy models with the inhomogeneities as infinite degrees of freedom. When extending the techniques
developed for the isotropic model to the cases in the presence of anisotropies such as Bianchi-I spacetime, one
has to handle several new difficulties. These include defining a curvature operator in terms of the holonomies
which depend on the directional triads in a nontrivial way, finding a proper set of the dynamical variables that
can result in a manageable Hamiltonian constraint operator, etc. More importantly, the resulting Hamilto-
nian constraint operator should not suffer from the drawbacks encountered in the y, scheme of the isotropic
case as discussed earlier. It turns out that there exist two quantization prescriptions, one known as Madrid
prescription [58,120] and another known as Ashtekar-Wilson Ewing prescription [59], which result in the
scheme in the isotropic limit. However, the former becomes unviable with R3 topology [124] and also suf-
fers from problematic features at large volumes [189]. For the Ashtekar-Wilson prescription, cosmological
implications on the non-singular evolution of the Bianchi-I universe can be found in [24,37,185,190] . For

the loop quantization of other anisotropic models using same prescription, see [163, 191, 192].

TEAT T, BATER w 772 T Bianchi-1 884 PASCRHES S HEIE N TESS B FHERIRAE Gowdy #5754
HIRE & Tt R A AR A A e B Y HORHET 2| Bianchi-1 N S XBEES S ERE N, 7
ST TR R EA EdE: DA77 1A =T ARE LRERA A G e SR B, R EIRERF| AT Ak
HRIGEIA  R A GG ) A RS, FHERENE, SRINBRIARERF T REEERITZ
IR & RIFRIMETETE o 7R HEINEE, BRiCEENME IR, —Ma v SEEyy
% [58,120], % —#144° Ashtekar-Wilson Ewing /7% [59], —H&EKAFEIMENR MRS58 w 75
Fo [HATETE R® $a+b FAKAL [124], HAEKRAEIIAAZTE RIEURHIE [189], Xf T Ashtekar-Wilson 77
%, WI1E [24,37,185,190] HH#REIHXY Bianchi-1 FHIEAT R FHEHE R R, X THMER
SR T R E R T esE, S0 (163,191, 192],

In addition to the spacetimes with anisotropies, it is also equally important to incorporate inhomo-
geneities as a step toward understanding the quantum geometry effects and investigating the robustness of the
singularity resolution in the presence of the infinite degrees of freedom. This provides useful insights on the
possible properties of the cosmological sector of the full theory. In the following, we will summarize the main
results of the u scheme quantization of the Bianchi-I model and discuss its phenomenological implications
by using the effective dynamics. Then we will move onto a brief summary of the simplest Gowdy T° which
uses the construction of Bianchi-I spacetime.

PR T ARSI 2, SIANIRY SR ESE, X2 PR, AlH BB AR 7L
AN, RFAFAETCST B N & R BRI, ICRENTRA R Bt 2B T8 2 ) Al sEE
JRATA A%, TSN R4S Bianchi-1 B 7 iR BB EZESR, FIHA RS 1A e H
MG A, BSRIZRSSE T Bianchi-1 N ZSHE R R # Gowdy T3 FIMHEANA,
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Loop Quantization of Bianchi-I Spacetime and its Effective Dynamics

ezt 1 2 R e e AR 1%

A detailed construction of the quantum theory of loop quantized Bianchi-I spacetime is addressed in [59].
Here we outline the basic ideas and procedures of the quantization which is implemented in a similar way
as that of the isotropic model discussed in section “Loop Quantization of the Spatially Flat FLRW Universe”.
The novel features of the quantization come from the presence of anisotropies which result in six degrees of
freedom in the classical phase space, namely the directional connection variables c; and the directional triads
p; - Correspondingly, the fundamental variables for the loop quantization are the directional triads and the
holonomies of the directional connection variables. Using the same techniques applied in the isotropic case,
one can construct the kinematic Hilbert space in the triad representation with the almost periodic functions
of the connection as the basis states. Meanwhile, to construct a physically viable Hamiltonian constraint op-
erator, one of the key elements is to find a proper regularization of the field strength operator. In the isotropic
case, such an operator is defined on a square [];; as computed exactly in (37). With the physical area of the
square shrinking to the minimal nonzero eigenvalue of the area operator in the homogeneous spacetime, the
unique u scheme is obtained. In the case of the Bianchi-I spacetime, the edge length y; in each direction is
determined from a correspondence between the kinematic states in LQG and those in LQC which yields the

specification of the edge length as

SCHR [59] FEAIMDIE T & e bb e 21 N2 B FHIe, AR IZE TR EARK 5D, H
KRS “2AFH FLRW T " — IR R ML, %8 TR
MEIRT S S EREE, SAFEESEMESREENDTAHE, RITTREREER o; FI77HR
2R pi o AHNH, FEIRFCRIEATE R TT ARSI T ks L B Y5285, M REMEEE T
RIMHIRIEIR, o] DMERRRRR P iEissh ¥ /R AR a3,  DABRES R E AR RO RS, R, 9
YR B TR B AR BT R P e —, BE BT SIEENI, ERmFEMER
N, WEAE XA 37) M RERIES T O Lo B B/ TRV RIS 2285 5] I 25 1
RBEFRNEZAREE, BOEETHE— u TR, EHEINEEE T, SN7HEK g,
H LQG 881" 24855 LQC iz S Z MIRIA MR ARWE, 20 MR RIAKME N

— Il — Ipal - |5
=/ , =2 , =2 . 50
- |p2 D5 Ha |p3 D1l Hs |p1 D2 (50)

When anisotropies disappear, the above value of the edge length in each direction reduces to the one used

in the u scheme in the isotropic case given in (38). Another key observation in the quantization procedure is
the use of a new set of dynamical variables which can lead to a manageable Hamiltonian constraint operator.
It turns out that instead of using the states ¥ (p;, p,, p3) , it is more convenient to work out the action of the

Hamiltonian constraint operator on the wavefunction ¥ (4,, 4,, v) with

LR MFIEHAN, ERKTAL KRN (38) BB HRMIEE 1 7 EHERNEK, &
TN S — D RELEICRE, EH—4Uiish R 8] IS 21 5 TR IS B AR, B
FORIL, MRS W (py, pa, p3) , EREE W (A, 4,,v) _EHESIGE L RRRTHICEH By,
Hrp
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I - CDRL i)@, v =244);, (51)
(4myAly)

where i = 1,2, 3 and A; has the same sign as p; . In the absence of the fermions, the physical wavefunc-
tion ¥ (4, 4,, v) should be symmetric under a flip in the orientation of the fiducial triads in each direction,
demanding the requirement ¥ (1, 1,,0) = ¥ (|4,], |4,],|v]) , and meanwhile be annihilated by the Hamilto-
nian constraint operator, leading to a dynamical difference equation whose evolution is again unfolded with
respect to the massless scalar field. The exact form of the quantum difference equation is rather complicated
as compared with its isotropic cousin given in (42). Therefore, we will not explicitly cite it here, and inter-
ested readers can refer to Egs. (3.13)-(3.16) in [59]. The quantum difference equation in the u scheme for the
Bianchi-I spacetime also has the uniform steps in the volume, that is, it involves only the physical states with
the volumes v and v + 4 . For this reason, there also exist superselection sectors with support on lattices £..,
as in the isotropic case. However, there is no superselection with respect to the first two arguments, namely
A1 and 4, , of the wavefunction. Moreover, 4; and 1, , which carry the information of the anisotropies, do
not appear in the coefficients of the quantum difference equation but only appear in the arguments of the
wavefunction. Under the action of the Hamiltonian constraint operator they get rescaled by factors depend-
ing only on the volume. Owing to this property, it turns out that there exists a natural projection from the
physical states in the Bianchi-I Hilbert space to those in the isotropic Hilbert space. When integrating out the
anisotropic degrees of freedom, the quantum difference equation of the Bianchi-I model can exactly reduce to
the one in the isotropic k = 0 FLRW model [59]. This provides a typical example of how the symmetry reduced
quantum dynamics can be obtained from a more general one. Considering the BKL conjecture which asserts
that the dynamics of GR near space-like singularities can be well modeled by Bianchi-I cosmology, the pro-
jection of the Bianchi-I model to the isotropic FLRW model implies that the latter may capture some genetic
features of the quantum dynamics of the homogeneous and isotropic sector of the full theory. Finally, it can
be shown that the quantum Bianchi-I difference equation can be well approximated by the Wheeler-DeWitt
differential equation when the quantum geometry effects are negligible. However, in the Planck regime, this

approximation fails and two quantum theories lead to distinct physical predictions as in the isotropic case.

Hei=1,2,3/ 4, 5 p; FFEMEME. FEEFKTE, WHERKEE © 4,1, v) EETTASHE=77
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SR I A] 2 B Sk [59] FRAYR (3.13)-(3.16), Bianchi-1 N2 1E u /& FURTE 0 TR FIFELE
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Similar to the isotropic models, the effective description of the quantum dynamics is also shown to be
numerically valid for the Bianchi-I model when the background quantum states are highly peaked around the
classical trajectories at late times [14, 157]. A caveat is that this analysis has been so far performed only for
the Madrid prescription in the vacuum case. These semiclassical states remain peaked throughout the whole
evolution of the background spacetime, and hence the effective dynamics also faithfully captures the quan-
tum geometric effects in the Planck regime. Therefore, the effective dynamics is widely used to explore the
cosmological implications of the quantum dynamics of the Bianchi-I universe. The corresponding effective

Hamiltonian constraint in the ¢ scheme is given explicitly by [58, 59]

5 EFEMEERZEWL, X T Bianchi-l B, 4 REFSEEHSEEPESMPITINEN, &
T A SRR BERATESUE FAOE [14, 157], FREERNZE, BIHATAIEZ T G AT B
RN SERLTTFE, XREFLMESE R RN ZIRE NIRRT aAR R ST, FHitAREh
TEERE P R A e 2 A e REX R B T T LA, AL, AR 3440 72 T W5 Bianchi-1 F
HRFEINNFNTFEHER L 17 TN NAAIRETLA R WA T, B [s8,59]

1 sin (i, ¢; ) sin (1,¢5) )
Feft = ~8rGr ( /711 ;712 p1Ds + cyclic terms | + vp, (52)
where u,, 1, and u, are given in (50). In the isotropic limit when p; = p, = p; , the above effective

Hamiltonian constraint reduces to the one in the isotropic model. Using the Poisson bracket between con-
nection and triad variables, {ci, p j} = 87Gyd; , it is straightforward to derive the Hamilton’ s equations with

non-perturbative quantum gravity modifications. For ¢; and p; variables, these turn out to be

HAp g, 7, B BIR (50) it A FIRMEIRT, % py = p, = ps B, LAERIGSIRLHIR
e & PRI A, IR S AR e FIRIEAE 2 (¢, py) = 87Gy8,; , FIDLEHE
e SN S IR T3 B EMIA BT, W TR o, fl py, AN

p1 = % (sin (u,¢,) + sin (u5c3)) cos (i, ¢1) (53)

. v — — - .
¢, = 2 [calt, cos (11,¢,) (sin (5c3) + sin (1,¢1))

+c3l, cos (Usc3) (sin (i, ¢1) + sin (u,c;))
—cy i, cos (uy ey ) (sin (J1,¢5) + sin (11,¢3))

— (sin (i, ¢y ) sin (@,c,) + sin (u,¢;) sin (1,¢3)

= .= v
+sin (i,¢3) sin (g, ¢1))] + SHGyTP. (54)
1
Similarly one can obtain equations of motion for other connection and triad variables. In the general case
when the anisotropies are present, the effective dynamics governed by the above Hamilton’s equations leads
to a bounded energy density with its maximum coinciding with the maximum energy density in the isotropic
k = 0 case. Due to mathematical complexity, a modified generalized Friedmann equation in terms of the

energy density and the anisotropic shear is currently not available for the Bianchi-I model, but analyses based
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on the Hamilton’s equations reveal the upper bounds on mean Hubble rate and the anisotropic shear [163]
which turn out to be Hy,,, = 1/(2y4) and o,, = 10.125/(3y?A?) . Interestingly, numerical simulations for
different types of matter and potentials in the Bianchi-I model reveal a novel seemingly universal parabolic
relationship between the energy density and shear at the bounce which can shed important insights on the
generalized Friedmann equation with quantum geometric modifications [185]. Further, these investigations
reveal that the anisotropic shear at the bounce reaches its maximum value when the energy density at the
bounce reaches approximately half of its maximum allowed value.

[FIBE AT1S H AR R AR 2R BB AN T R —RRIB LT, UFAER A PN, b IRIS &7 R SR
AR HERREREREER, HEXESSHEFEMN k=0 HE THRAERTE 5. ZRTH
PR %M, HAT Bianchi-1 B MRS DARE R & & A R MBI VIR O IS 2771,
(HETIG W R R 2] 7R RS m S B VIR _E5R [163], 25BN Hyy = 1/ (274)
M 02 = 10.125/ (3722%) » ABAYZ, X Bianchi-1 AR [ SHUW BAT A RO BUERARIUZ IR, R
HRACRE R E 585V 2 [AIFAE — A Al LB U@L R, Xl vt R & &7 LAEIE
A O R 2 7 R e (B R 7R [185], Ak, BRETFOEAIE, iR RIRE B AT H
RAVHERIL—F0, RECHISE S IEB VIR R AE,

The evolution of the loop quantized Bianchi-I universe turns out to be nonsingular for various types of
matter with a bounce taking place at the minimal mean scale factor, see for example Fig. 3 for a Bianchi-I
universe filled with a massive scalar field. In particular, it can be shown that all the curvature invariants
are bounded, and the strong singularities are resolved throughout the non-singular evolution of the Bianchi-I
universe as long as the null energy condition is satisfied [24]. The geometric structures of the bounces are also
richer than those in the isotropic case where only the point-like bounce appears. In contrast, in the presence
of anisotropies, the bounces can have barrel-, pancake- and cigar-like structures which can be obtained from
a backward/forward evolution of the effective dynamics in the expanding/contracting phase using the same
initial conditions in the classical regime that can lead to the singularities of the same type in GR. Therefore,
these bounces can be regarded as the finite versions of the different types of the classical singularities which
are resolved due to the underlying discreteness of the quantum geometry. Moreover, the quantum geometric
effects also play the role of bridging different geometric structures in the pre- and post-bounce phases, leading
to a Kasner transition that is impossible in the classical theory [190, 193, 194]. These Kasner transitions respect
specific selection rules depending on the matter content of the universe. For example, in a Bianchi-I universe
filled with the dust and radiation, the structure of the universe when approaching the bounce must be cigar-
like on at least one side of the bounce. Therefore, in such a universe there is no pancake-pancake transition
across the bounce. On the other hand, in a Bianchi-I universe filled with the stiff matter, there is no pancake-
like structure on either side of the bounce, and depending on the anisotropic parameters, certain types of the
transitions are more favored over the other types [190]. Finally, the inflationary and ekpyrotic scenarios have
been studied in the setting of loop quantized Bianchi-I models. In particular, inflationary attractors for ¢
inflation have been found in the Bianchi-I model in LQC, and it has been shown that there exists a quantum
bounce in the past evolution of the inflationary trajectories and anisotropies remain bounded throughout
the evolution [37]. Similarly, non-singular ekpyrotic model has been constructed using effective dynamics of
Bianchi-I LQC [49].
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Fig. 3 Non-singular evolution of scale factors in the loop quantized Bianchi-I spacetime is shown for the
case of an inflationary potential. The approach to classical singularity is cigar-like with two scale factors de-
creasing and one increasing. The resulting shape of the bounce is thus not point-like but as a cigar. Singularity
is resolved with finite values of energy density and anisotropic shear
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Fock Quantized Inhomogeneities in Polymer Background: Polarized
Gowdy Models

AV R FIURS R TSP Befk Gowdy Bi%!

In addition to the cosmological spacetimes in the mini-superspace characterized by finite degrees of free-
dom, loop quantization has also been applied to those in the midi-superspace where inhomogeneities are also
present as infinite degrees of freedom of the system [62-67]. The motivation to study these spacetimes is
to check the robustness of the physical implications, such as the singularity resolution, resulting from the
quantum geometry effects, as well as to investigate the impacts of the continuous degrees of freedom on the
qualitative dynamics of LQC universe. One of the examples of this type is the Gowdy models which describe
globally hyperbolic spacetimes with two space-like commuting Killing vector fields and compact spatial sec-
tions [195]. The simplest one of the Gowdy models is the linearly polarized Gowdy T° model. Since the Killing
vector fields are also orthogonal to the hypersurface in this case, the spatial section T3 can be described by
coordinates (¢,7,8) with ¢,7,8 € S!, and thus two Killing vector fields are 9, and 05 . Since the metric com-
ponents which only depend on ¢ and ¢ are periodic in ¢, they can be expanded in the Fourier series in the ¢
-momentum space. Using the symmetry of the system, one can completely fix the gauge freedom associated
with the diffeomorphism constraints in # and & [63], leaving alone two global constraints: the diffeomor-
phism constraint C¢ which generates translation in { and the Hamiltonian constraint Cy; which consists of a
homogeneous part Cy,,,, and an inhomogeneous part C,, -

bR 7B BR B HERMRAES RN AN, E& e N T s a2, xRz
¢#ﬁﬁ@&ﬁﬁ%%%%ﬁamgffwzm]mﬁﬁ =B, — @Al & LR
KA AT RSV BES G RAREME, —RIRIESH A B T T E AN ) AR,
ﬁ%m@%—ﬁm%m&mwﬁﬂ,zﬁﬁﬁﬁﬁﬁﬁ%ﬁlmm@ﬁg%ﬁ%ﬁ:@@ﬁ%%
AR 2 [195], S ERH) Gowdy AR Ll ft. Gowdy T3 %8, HT1EIXIEF T Killing [F]&
it 5@ AT IEAR, 2RI T3 ATHAAR (4,7, 8) #iiR, WE ¢ 9,6 € S', HILMA Killing [A]
BN 0, M o5 . MTHEBRDEMUKEIT ¢ F1¢, HAE¢ LRGN, FibnlPTE ¢ sha=smdh
B EEMNE, FIHRGHINFRE, AIAEREE S n F 6 Hil o [RIRL SAE S RRITE B H
[63], {XFITFIANRRELIHR: K ¢ PRI FERLER Cy , PRHFFREET Chom FAAEFFIRER
C inn MIRHIIBEIIA R Cyy o

The loop quantization of the Gowdy T3 model adopts a hybrid quantization method, where the homoge-
neous sector is loop quantized, while the inhomogeneous degrees of freedom are Fock quantized. A complete
loop quantization requires a polymer quantization of the inhomogeneities which remains to be achieved. In
the hybrid approach, the classical diffeomorphism and the Hamiltonian constraints are expressed in terms
of the variables adapted to this quantization scheme. In particular, since the homogeneous sector of the
Gowdy T3 model is equivalent to the vacuum Bianchi-I spacetime, it is appropriate to be parameterized by
the Ashtekar-Barbero connection ¢; , with i = {, 7,6 , and the corresponding densitized triads p; introduced
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in section "The Hamiltonian Formulation of Anisotropic Spacetime: Bianchi-I Model”. As for the inhomo-
geneous degrees of freedom, Fock quantization scheme prefers the use of the creation and annihilation vari-
ables (a,, a;,) , where m can be any nonzero integer, standing for the nonzero modes that can be naturally
associated with a free massless scalar field. In terms of the chosen variables, the expressions of the diffeomor-
phism and the Hamiltonian constraints can be obtained, which are given explicitly in [65]. Then using the
techniques described in the above subsection for Bianchi-I spacetime and promoting the creation and anni-
hilation variables to their operator analogs, the Hamiltonian constraint operator, a complete set of the Dirac
observables as well as the physical inner product can be constructed precisely following the same strategy as
used in the loop quantization of the spatially flat FLRW spacetime. The annihilation of the physical states by
the Hamiltonian constraint operator also leads to a quantum difference equation with uniform steps in the
volume. As aresult, the superselection sector in the kinematic Hilbert space of the Bianchi-I spacetime is also
retained in the Gowdy T3 model. Moreover, the zero volume states in the homogeneous sector turn out to be
decoupled by the action of the Hamiltonian constraint. As a result, the singularity is resolved in the quantum
theory. Another interesting property of the quantized Gowdy T> model is that its physical Hilbert space is
a tensor product of the physical Hilbert space of the Bianchi-I model and a Fock space in the standard Fock
quantization, implying that the standard quantum field theory is actually recovered in the framework of loop
quantization. This provides a prototype for considering the perturbations over a loop quantized cosmological
background. Finally, the Planck physics in the Gowdy T3 model has also been explored by using the effective
dynamics of LQC, which again confirms that the singularity is really replaced by the quantum bounce and one
of the effects of the inhomogeneities is to increase the bounce volume as compared with the LQC Bianchi-I

spacetime [64].
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Beyond Standard LQC: Incorporating Additional Elements from LQG

el P B T R\ R -5 D e =

So far we have discussed various results in different cosmological models, including in the presence of
anisotropies and inhomogeneities which show the robustness of singularity resolution in LQC. Let us here
note that since LQC is not derived from LQG, it is important to understand the way physics of Planck scale
changes when we include more elements from LQG. The goal of this section is to understand two such inputs
and the way they affect predictions in LQC. We overview two variant cosmological models for the spatially flat
FLRW universe that originate from a separate treatment of the Lorentzian term in the classical Hamiltonian
constraint of GR. These models can be regarded as extensions of standard LQC due to different quantiza-
tion prescriptions. As discussed in section "Loop Quantization of the Spatially Flat FLRW Universe”, in the
spatially flat LQC, due to underlying symmetry the Euclidean and Lorentzian terms are combined before
quantization. But how do the quantum constraint and its predictions change when we treat them separately?
An independent treatment of the Lorentzian term using the Thiemann regularization was first discussed in
[74] where the corresponding quantum Hamiltonian constraints resulting from two different ways of regu-
larization of the Lorentzian term were derived. In the following, these two variants are called mLQC-I and
mLQC-II, meaning the modified LQC model I and II, following the convention in [77]. Later, mLQC-I was
rediscovered in [75] from computing the expectation value of the quantum Hamiltonian constraint in LQG
by using the complexifier coherent states developed by Thiemann and Winkler [196, 197]. Different from
standard LQC, the quantum difference equations in mLQC-I/II turn out to be 4th-order difference equations
[76] which lead to more complicated structure of the effective Hamiltonian constraints. This also results in
a generic resolution of strong curvature singularities [198]. The correct forms of the modified Friedmann
and Raychaudhuri equations in mLQC-I were found in [77] implying an emergent quasi de-Sitter phase in
the contracting branch [199, 200] with a rescaled Newton’s constant [77]. On the other hand, the dynamics
of mLQC-II turns out to be very similar to standard LQC with a symmetric bounce and modified maximum
energy density. The phenomenological implications of these two models are extensively discussed in the lit-
erature, including both the background dynamics and the linear perturbations [173,174,201 — 205] . In the
following, we start with the effective dynamics of mLQC-I/II and then briefly mention their implications on

the inflationary scenario.
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The Effective Dynamics of mLQC-I/1I

mLQC-1/II K& )15

Similar to the derivation of the effective dynamics in LQC, using the sharply peaked Gaussian coherent
states, one can obtain the effective Hamiltonian constraint of mLQC-I/II by computing the expectation value
of the Hamiltonian constraint operator in each model. In mLQC-I, the effective Hamiltonian constraint takes
the form [74,75]

5iSEEFFHFERENFIERERM, FMARESTHETE, @i Ees M ISR is)
RERFRIHEE, r] DS mLQC-I/II FYA MG LI, £ mLQC-1 H, ARG H LA KA K
R [74,75]
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With the help of the Poisson bracket {b, v} = 47Gy , it is straightforward to derive the Hamilton’s equa-
tions of the system. The novel property of mLQC-I shows up when we try to derive the modified Friedmann
equation from the Hamilton’s equation of the volume. From the Hamiltonian constraint, one can find two

branches, i.e., the b, branches with the relations
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where p. = 3/[327GA%y? (y* + 1)] is the maximum energy density that can be attained in the model.

(56)

The difference between these two branches can be seen directly from the above relation. In particular, when
the energy density tends to vanish, b_ goes to zero, while b, approaches a nonzero value. This implies that
the classical limit can only be recovered in the b_ branch. A detailed analysis on the modified Friedmann
equation confirms this intuition. Substituting the relation (56) into the Hamilton’s equation of the volume
and then squaring it, one can obtain the modified Friedmann equation for each branch [77]. For the b_

branch, the modified Friedmann equation turns out to be

Hrb ol = 3/[327G22 (2 + 1)] R ALASIN B ARER TR, BN RIE A M ik
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1 b_ ST MRS IR, RS IE 3 B 8 T R A ATIES: T3x—38, 453522 (S6) £
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2
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which asymptotes to the classical Friedmann equation as p < p. . The b_ branch describes the ex-
panding phase of the universe in mLQC-I. In the backward evolution of the universe, the volume decreases
continuously with an increasing energy density. When p increases to p.. , a quantum bounce takes place irre-
spective of the matter content. In this process, similar to the standard LQC, when the energy density increases
to a threshold value in the Planck regime (less than pl ), the universe enters into a super-inflationary phase in
which H > 0. In mLQC-1, this threshold value of the energy density depends on the Barbero-Immirzi param-
eter y , and its numerical value is about p; ~ 0.503p , with y ~ 0.2375. On the other hand, the contracting
phase of the universe in mLQC-I is described by the b, branch in which the modified Friedmann equation is
given by
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where the rescaled Newton’ s constant G, = G (1 — 5y%)/(y* + 1) ~ 0.680G and the emergent cosmo-

. 2 . . .
logical constant p, = 3/ [87rGoc/12(1 +7?) ] ~ 0.0304 . Hence, this branch is characterized by an emergent
quasi-de Sitter phase with a rescaled Newton’ s constant at zero energy density. When p — 0, the Hubble

rate H2 — 275%PA
3

~ 0.173 , which is almost of Planck scale. Thus, the evolution of the universe in mLQC-
I is asymmetric with respect to the quantum bounce (If instead of working with cosmic time, one chooses
massless scalar field as a clock, one reaches infinite volume at a finite value of this clock. With such a clock,
quantum extensions in the physical Hilbert space have been explored assuming a massless scalar field as the
only matter content in Ref. [200].). Surprisingly, in the b, branch, the Hubble rate becomes vanishing at the
minimum energy density p.,;, = —3/(87GA?) ~ —0.023,, which is a negative number. As a result, a necessary
condition for realization of a cyclic universe in mLQC-I is the violation of the weak energy condition [188].
The super-inflationary phase in the b, branch begins when the energy density reaches a different threshold
value p} =~ 0.377pL . Therefore, the super-inflationary regime in mLQC-I is also asymmetric with respect to
the quantum bounce. Considering all the remarkable properties of its contracting branch, mLQC-I serves as
one of the concrete examples where different quantization prescriptions can result in qualitatively distinct
quantum dynamics. In comparison to the novel properties of mLQC-I, the qualitative dynamics of mLQC-II
resembles that of the standard LQC. In particular, the evolution of the universe filled with a massless field is
also symmetric with respect to the bounce. The effective dynamics of mLQC-II is governed by the modified

Friedmann equation [173]
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with the maximum energy density pif = 3 (y* + 1) /2wGy?A? , for both contracting and expanding branches.
The quantum bounce takes place generically at the maximum energy density p = pY , and the super-inflation
occurs for p > 0.513pY . Although there is no qualitative distinctions between mLQC-II and standard LQC
as discovered so far, it still implies that quantization ambiguities can result in a different maximum energy
density and durations of the super-inflationary phase in the Planck regime, that is, except for some generic

features such as the resolution of the big-bang singularity by a quantum bounce, the details of the quantum
dynamics are also closely related with the specific quantization prescriptions.
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As the second part of this section, let us briefly summarize the results of the inflationary background
dynamics in mLQC-I/II. Similar to standard LQC, the embedding of the inflationary paradigm into mLQC-
I/1I has been extensively studied in the literature [173, 174]. Taking into account an inflationary potential, it
has been found that the inflationary phase is also a local attractor of the qualitative dynamics in each model.
Detailed analysis has been done for the ¢? potential, the fractional monodromy potential, the Starobinsky
potential, the non-minimal Higgs potential, and the exponential potential. In particular, the numerical and
analytical results of the background evolution with the chaotic and the Starobinsky potentials are available
in mLQC-I/IL. It has been shown explicitly that similar to standard LQC, for the kinetic-energy-dominated
bounce, the evolution of the universe by the end of the inflationary (slow-roll) phase in the expanding branch
can be divided into three distinctive stages: the bouncing phase, the transition phase, and the slow-roll phase.
Following the approach used in LQC, the probability of the occurrence of the desired slow-roll phase is also
estimated in mLQC-I/II: One can find that the probability for the desired slow-roll not to happen for a ¢?
potential is P (not realized) < 1.12 X 10~ in mLQC-I and P (not realized) < 2.62 x 10~® in mLQC-II.

TERARTTRE R, AR ELLS mLQC-I/I RS R #4855, S5 LQC K4, H
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Though inflationary paradigm is compatible with both mLQC-I and mLQC-II, the same cannot be said
about the alternatives of inflation based on cyclic models. A surprising result is that ekpyrotic models are in-
compatible with mLQC-I[188]. Note that this is not because mLQC-I does not result in singularity resolution
rather the problem that comes from the lack of recollapse in the classical regime after one cycle and as a result
multiple cycles cannot occur. Given the conventional wisdom that cyclic models are easy to construct with a
non-singular bounce if one adds matter which causes a recollapse at late times, this result is indeed counter-
intuitive but can be easily understood. As we have discussed, while standard LQC results in a classical regime
in both pre-bounce and post-bounce epochs at large volumes, the same cannot be said for mLQC-I where the
pre-bounce regime has a large effective cosmological constant phase originating from quantum geometry. It
turns out that every bounce in mLQC-I switches the branch from b, to b_ (or vice versa). In the case of a
model where there is a recollapse, it turns out that the asymptotic past and future branches, after the classi-
cal turnaround and the second bounce, are dictated by the b, branch. Therefore, unlike a model with single
bounce in mLQC-I which connects b, and b_ branch, the additional classical turnaround and the subsequent
bounce convert the future asymptotic branch after the second bounce into a b, branch. As discussed earlier
the b, branch does not correspond to the classical spacetime with low curvature, which forbids another recol-
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lapse and a subsequent bounce. Hence, even in the presence of a non-singular bounce, a cyclic evolution with
more than one cycle is not possible in mLQC-I unless one chooses a very large negative potential which over-
comes Planckian effective cosmological constant. On the other hand, given the symmetric nature of bounce,
cyclic models are as much compatible with mLQC-II as in standard LQC. An important question is whether
this result implies that cyclic models are inconsistent with LQG. While this remains an open question, it is in-
deed true that highly asymmetric bounces leading to only one side of evolution with low spacetime curvatures
are not just confined to mLQC-I but also occur in certain loop quantizations of Kantowski-Sachs spacetime
[206]. One may conjecture that if LQG results in an evolution characterized by such an asymmetric bounce

it would result in incompatibility with cyclic models.
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Summary and Outlook

BETS

The development of LQC in the last two decades has made itself a prototype to exemplify how the un-
derlying discrete quantum geometry effects can resolve strong curvature singularities intrinsic in the classical
theory in various cosmological settings and meanwhile provide an insightful picture of the physics beyond
the standard cosmology, especially of the quantum evolution of the universe in the Planck regime. Featured
by the background independent formulation of the quantum theory, LQC makes use of the Ashtekar-Barbero
variables tailored to symmetry reduced spacetimes to construct the quantum Hamiltonian constraint oper-
ator as well as relevant physical observables. Its kinematic Hilbert space is made up of essentially discrete
quantum states which provide a quantum representation that is unitarily inequivalent to the Schrodinger
representation. Another key element in the formulation is to introduce a minimal nonzero area gap to build
up the nonlocal curvature operator. This becomes a vital step to yield a physically viable loop quantization
which on one hand results in a non-singular evolution of the universe in the Planck regime and on the other

hand asymptotes to the right classical limit in the low curvature regime. Its unique quantum representation
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makes itself distinct as compared with the Wheeler-Dewitt theory in the sense that LQC can only be well
approximated by the Wheeler-Dewitt theory far away from the Planck regime.
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PRI R, Hizsh A /RAR 2 A B R RE SR, RERTFSAH T S5REERER
KZEAFMHRTRR, KBTS —RBERZIIAN T —NRNEFEAERR, DAAEER R
HIRELT, XD RS EIVE BIaHIER LR ScH: —J5m, EfS I regime NHYF TSI
EarFiEll; 5—77H, 1EIRHIR regime, ZHICHNAEIE T EMZIR, LQC AR T
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The resolution of big-bang singularity in LQC was first discovered in the simplest case of a homogeneous
and isotropic FLRW universe filled with a massless scalar field where the numerical simulations of the quan-
tum difference equation revealed a quantum bounce in the Planck regime [10]. Later, the robustness of the
singularity resolution as well as the existence of the quantum bounce has been tested in more complicated
contexts, such as spacetimes with a cosmological constant, nonvanishing spatial curvature, anisotropies, con-
tinuous degrees of freedom, and even in some modified gravity theories [207, 208]. Supported by the numeri-
cal simulations of the quantum difference equation, the effective description of the quantum evolution of the
LQC universe plays an important role in achieving an analytical understanding of the singularity resolution
in the Planck regime in various types of loop quantized spacetimes [23, 25]. Moreover, using the effective
dynamics of LQC, well-known scenarios in the standard cosmology, such as the inflationary paradigm, the
ekpyrotic- and matter-bounce scenarios, have been extensively studied with a purpose of providing a ultra-
violet complete description of these scenarios in the context of the LQC universe. In addition to these topics
which we discussed earlier, quantum geometric effects in LQC have also been applied in order to obtain non-
singular evolution in string motivated scenarios such as pre-big-bang cosmology [209] and multiverses [210,
211]. The impact of the quantum geometry effects on the dynamical evolution of the universe in all these
scenarios as well as their detectable characteristic signals become the central subjects to investigate at the
phenomenological level. Among all of these progresses, it is worthwhile to point out that the inflationary
phase is found to be a local attractor in the LQC universe with/without anisotropies when the initial con-
ditions of the dynamical trajectories are set in the Planck regime and the probability for the occurrence of
inflation can also be computed explicitly due to the availability of a distinguished physical measure of the
parameter space right at the quantum bounce in a homogeneous and isotropic LQC universe.
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In addition to coupling to the massless scalar field, the quantum theory for a homogeneous and isotropic
LQC universe filled with a massive scalar field can also be constructed with a similar procedure [96]. The
novel feature in the presence of the potential is that the scalar field can no longer serve as a global clock. As
a result, some other reference fields are required to play the role of the clocks. One of the strategies is that
the quantization can be implemented in the reduced phase space formulated in the relational formalism in
which the Dirac observables are explicitly constructed before quantization is carried out. To deparameter-
ize the theory, one needs to introduce some matter fields, such as the dust fields or the Klein-Gordon scalar
fields, which serve as the reference fields with respect to which physical observables are constructed explic-
itly. For the Gaussian and the Brown-Kuchaf dust fields, the resulting physical Hamiltonian in the reduced
phase space takes the same form as its analog in the classical phase space with classical phase space variables
replaced by their observable counterparts in the reduced phase space. Moreover, the physical Hamiltonian
is no longer constrained to vanish. One can then construct the quantum theory using the techniques well
developed in LQC, and it turns out that the impacts of the different reference fields on the quantum dynamics
of the LQC universe can be tuned as small as possible with a careful choice of the initial energy density of
the reference fields. This line of research is aimed at solving the problem of time in a general setting of LQC
beyond the limit of the massless scalar field, and it helps justify the effective dynamics of LQC with a massive
scalar field which is used to prevail in the literature for a phenomenological investigation of the cosmological
implications of the LQC universe. Apart from the treatment of the massive scalar field, we also believe that a
consistent loop quantization of both the geometric and matter degrees of freedom on the same footing is also

important in achieving a general picture of the quantum dynamics of the LQC universe in the Planck regime.
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Meanwhile, recent progress has been made in the direction of exploring the alternative quantization
prescriptions other than the one used in standard LQC. The motivation mainly originates from endeavors to
unravel the relationship between LQC and LQG. Due to the non-commutativity between quantization and
symmetry reduction, it is a long-standing question to ask that how many features LQC has really inherited
from the cosmological sector of full LQG. The bottom-to-top approach to addressing this concern has led to
alternative LQC models, such as mLQC-I/IL. Although some generic features, such as singularity resolution
and the existence of a quantum bounce which connects a contracting phase with an expanding one, still
remain true in these modified LQC models, they also exhibit novel features of the quantum dynamics even
in the simplest setting of a homogeneous and isotropic FLRW universe and provide some evidence to show
that the quantum dynamics in the Planck regime can have much richer structures than originally proposed in
standard LQC. In particular, the universe can evolve asymmetrically with respect to the quantum bounce, and
the evolution of the contracting phase can also proceed in a de Sitter phase with a Planck-scale cosmological
constant. The emergent de Sitter phase in the contracting phase has also been observed in other alternative
quantization of the Hamiltonian constraint constructed from the Chern-Simons action [212, 213] where the
big-bang singularity is once again resolved in the case of the spatially flat FLRW universe. Thus, whether the
classical universe can be recovered on the other side of the bounce is now in question. Although a bouncing
evolution can be shown as obtained from a specific model of loop quantum gravity [214], the above results
imply that standard LQC may not capture all of the features of the quantum cosmological sector of LQG. In
addition to the modified LQC models, other strategies to investigate the connection between LQC and LQG
include the quantum-reduced loop quantum gravity [70], the group theory cosmology [71, 72], and the path
integral approach [73]. It is remarkable to note that although the improved dynamics with the u scheme was
initially found in the homogeneous and isotropic FLRW LQC universe, its validity has extended to the other
spacetimes and quantization prescriptions. Moreover, the i scheme is also found in other approaches such as
the quantum-reduced loop quantum gravity and the path integral approach. Therefore, the i scheme, which
is the only viable prescription known so far in homogeneous and isotropic cosmological models of LQC, seems

to be consistent even in a more general setting.
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Finally, although in this chapter we have mainly focused on the cosmological spacetimes, it is important
to note that loop quantization is not only restricted to the FLRW universe. Numerous works have been done
to apply loop quantization to the spherically symmetric spacetimes for the purpose of exploring the role of
the non-perturbative quantum geometry effects in resolving the strong singularity encountered in the classical
black hole spacetimes. Depending on the degrees of freedom that are to be quantized, the models of LQG black
holes can be classified into two main categories. The models in the first category are quantized in the mini-
superspace where symmetry reduction and homogeneity are assumed first at the classical level. In this case,
the isometry between the Schwarzschild interior and the Kantowski-Sachs spacetime in cosmology is usually
used, and one only needs to deal with finite degrees of freedom [215-220]. Here quantum difference equation
has much richer structure than the isotropic LQC whose simulations also indicate singularity resolution [221].
On the other hand, the models in the second category only appeal to the spherical symmetry, and one needs
to deal with the infinite degrees of freedom [222-227] which make them similar to the Gowdy models in
cosmology. In addition to the vacuum spacetimes, investigations have also been extended to the cases which
include some matter fields, such as the scalar fields and the dust fields [227-232]. In all these cases, similar
to the big-bang singularity in cosmology, the curvature singularity at the center of black hole is resolved and
replaced by a bounce. However, the physics beyond the bounce is model-dependent. The black hole can be
glued to a white hole with the same/different mass or Nariai universe resulting from an emergent cosmological
constant. Research in the LQG black holes is still full of actively ongoing subjects, and more astounding

discoveries are expected in the near future.
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